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PREFACE 


This book is an attempt to present in a thorough and cohesive 
manner the principles which UJiderlie the analysis of statically 
indeterminate structures. In the past few years there has been 
some criticism of the so-called classic methods of analysis on the 
ground that the methods are abstruse and that excessive labor is 
involved in using them to analyze statically indeterminate 
structures. The authors are convinced, however, that the 
principles involved form the best foundation for a knowledge of 
structural theory and that familiarity with them is essential to an 
understanding of structural behavior. To hold to this point of 
view is not to belittle the importance of some of the methods 
presented more recently, for the authors are of the opinion that 
the ease of solution of certain problems made possible by these 
later methods makes such methods an essential part of the equip- 
ment of the structural analyst. 

The authors wish to acknowledge their debt to Professor 
Charles M. Spofford who has been responsible for much of their 
training. They have been greatly influenced also by Dr. Hein- 
rich Mviller-Breslau^s comprehensive treatment of this subject. 

W. M. Fife. 

J. B. Wilbur. 

Cambridqe, Mass., 

September ^ 1937. 
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SYMBOLS 


A * area. 

A' « shear area. 
h =* width of a member. 

E « modulus of elasticity. 
e « strain (linear). 

F = total axial stress in a member. 

/ = normal btress intensity. 

G =* shear modulus. 
g =* shear strain. 

I =* UiOraent of inertia. 

L = length. 

M « moment. 

M, — static moment. 

P = external load, 
p = external load intensity. 

Q *= any external force. 

R = reaction. 

S *= total transverse shear. 
t =* temperature. 

« « shear intensity. 

W = work. 

3 * deflection. 

A = change, e.g.^ AL =* change in L. 

« * coefficient of thermal expansion. 

$ » change in slope of a member referred to its original position. 
T =* change in slope referred to a chord. 




THEORY OF STATICALLY 
INDETERMINATE STRUCTURES 

CHAPTER I 

BASIC CONCEPTS AND THEOREMS 

1, Introduction. — A structure is built to perform a certain 
function. To perform this function satisfactorily, it must have 
sufficient strength and rigidity. Economy and good appearance 
are further objectives of major importance in structural design. 

Stress analysis serves as an important guide in so proportioning 
the members of a structure that the requisite strength, rigidity, 
and economy will be attained. However rigorous a stress 
analysis may be, the stresses which will actually occur cannot 
be predicted with absolute certainty. As actually built, a 
structure and its loading will always differ somewhat, and may 
differ appreciably, from the hypothetical structure which serves 
as a basis for stress analysis. Recognition of this fact, together 
with considerations of economy in time and design expense, often 
leads the designer to make assumptions known to be incorrect, 
and approximations known to introduce errors. Only a knowl- 
edge of the basic principles of stress analysis can serve as a safe 
basis for departure from methods more rigorously correct. The 
assumptions underlying the basic theory and the limitations 
imposed in the development of basic theorems must be fully 
understood and constantly kept in mind. If approximate 
methods are to be introduced, they must be carefully studied 
in order to ascertain that they may be safely and properly 
applied to a given problem. 

2. SUsticity. — Most of the materials used in building struc- 
tures follow Hooke’s law: Within a certain range dependent 
upon the material considered, stress and strain are directly 
proportional to each other. If stresses do not exceed a certain 
value termed the elastic limit for the material considered, the 

1 
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strains will vanish if the stress is removed. Materials behaving 
in this manner are called elastic. Steel, wrought iron, and wood 
are elastic, while it is permissible to consider reinforced concrete 
as elastic, provided the stresses are not too great. 

When structures which are composed of elastic members 
and which rest on elastic supports are subjected to the action 
of forces or to imposed deformations such as the changing of 
the length of a bar by taking up a turnbuckle, there are cor- 
responding changes of shape. The movements of points on the 
structure during such a change are called deflections. Distor- 
tion may or may not be accompanied by stresses in the members 
of a structure. 

3. Assumptions and Limitations. — For the treatment to come, 
the following assumptions are made: 

In general, it is assumed that deflections in a structure are 
so small that the changes in the dimensions of the structure may 
be considered as infinitesimals, i.e., the errors in the results 
obtained by solving equations of static equilibrium in which these 
changes of dimension have been neglected are so small that 
they are of no importance. It follows that these movements 
are so small that forces applied to the joints of a structure have 
the same lines of action after distortion as before distortion. 
With respect to the inner forces, this may be interpreted to 
mean that their» lines of action do not change relative to the 
original positions of the members in which they act. 

It will be assumed that applied forces and imposed distortions 
increase gradually, though not necessarily uniformly, from zero 
to their final magnitudes, and that a condition of equilibrium 
is ultimately reached. 

For the purpose of computing primary stresses in trussed 
structures, it will be assumed that, even if the joints are capable 
of carrying bending, the moments at the ends of members are 
zero; that members of a truss intersect at their gravity axes; 
that the weights of the members in a trussed structure are con- 
centrated at the ends of the members, so that the bending which 
may be present owing to weight distribution is neglected. It 
is recognized that the primary stresses thus obtained are, in 
general, approximate: a consideration of secondary stresses 
leads to corrections which should be applied to the primary 
stresses to compensate for these approximations. 
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Most of the illustrations used will be of planar structures. 
This involves the assumption that, even though such a structure 
forms part of a three-dimensional frame, the part of the structure 
lying in one plane is not affected by parts lying in other planes. 
This amounts to neglecting what are called participating stresses. 

In analyzing trussed structures it will be assumed that the 
external forces are applied at the joints only. From this it 
follows that, if the joints are incapable of resisting bending, the 
stresses in the members will be axial only, i.e., direct tension or 
direct compression, without either shear or bending moment. 

Lastly, it will be assumed that the material of which the 
structure is composed has an elastic limit, and that stress intensi- 
ties in members due to all causes combined are less than this 


elastic limit. 

These assumptions having been made, the application of 
theorems to be developed is limited to problems where conditions 
correspond closely to those assumed. 

The theorems developed will be applicable to both three- 
dimensional and planar structures, so long as any individual 
member is in a eondition of planar stress. Problems involving 
three-dimensional stress in any one member are discussed in 
works on the theory of elasticity ^ ^ 

and lie beyond the scope of this i A 

book. \./\ 

4. Geometric Relations. — \z^ 

Let the positions of the ends 

of a member of a three-dimen- j 

sional frame, the joints of which '' 

are capable of resisting bending, j | 

be defined by their coordinates 

referred to the rectangular axes y 
ox, OY, and OZ, so that the 

coordinates of joint i are x*, and z,, while those of joint k 
are x*, 1/*, and z*. Let the angles which the axis ik of the member 
makes with lines parallel to the OX, OF, and OZ axes be anc, 
Socy and yiky respectively. 

Let the coordinates of point k increase by small amounts 
Axik, ^Vky and Az*, and the coordinates of point i increase by 
small amounts Ax»-, Ay,, and Az^. Let the angles which the axis 
of the member at k makes with lines parallel to the OX and OF 
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axes increase by small amounts Aa* and A/S*, respectively. The 
angular change of this portion of the axis with respect to a 
line parallel to OZ is thereby fixed. Let the angles which the 
axis of the member at i makes with lines parallel to the OX 
and OY axes increase by small amounts Aai and A/S*, respectively. 
The angular change of this portion of the axis with respect to 
OZ is thereby fixed. Finally let the end k of the member be 
given a torsional rotation about the axis ik of the member through 
a small angle A^*, and the i end of the member be rotated about 
the axis ik of the member through a small angle A<^<. 

These six movements introduced at each end *f the member 
represent all of the independent movements which may occur 
at a point. From a consideration of the six movements at 
each end, six independent geometric relations may be written. 
These may be summarized as follows: 

1. The change of length of a member may be expressed in 
terms of the changes in the end coordinates of the member. 

2. The difference of the changes of slope of the ends of a 
member with respect to lines parallel to the OX axis must 
equal the sum of the changes of slope with respect to lines 
parallel to the OX axis occurring at points along the member. 

3. The difference of the changes of slope of the ends of a 
member with respect to lines parallel to the OY axis must equal 
the sum of the changes of slope with respect to lines parallel 
to the OY axis occurring at points along the member. 

4. The change of slope with respect to a line parallel to the 
OX axis of a line joining the ends of a member, as determined by 
the changes in coordinates at the ends of the member, must 
be consistent with the chcmges of slope with respect to lines 
parallel to the OX axis occurring at points along the member. 

5. The change of slope with respect to a line parallel to the 
OY axis of a line joining the ends of a member, as determined 
by the changes in coordinates at the ends of the member, 
must be consistent with the changes of slope with respect 
to lines parallel to the OY axis occurring at pointe along the 
member. 

6. The difference in torsional rotations about the axis of a 
member occurring at the two ends of the member equals the 
sum of the torsional movements about the axis of the member 
occurring at points along the member. 
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The first of these geometric relations may be derived as follows: 
Let the length of the member joining joints i and k before any 
movement of the ends of the member occurs be Liky and the 
increase in the length of this member corresponding to the end 
movements be AL**. From the geometry of the figure we may 
write 

JAk = - y^y + {zi, - (1) 

After distortion has occurred, the corresponding equation is 

(Lijfc + ALijfc)^ = [{xk + Axifc) - (xi + ^Xi)Y + 

[(yk + Ay*:) - {yi + Ay,)]^ + + A2*:) - {zi + ^Zi)Y (2) 

If the two sides of Eq. (1) be subtracted from the two sides of 
Eq. (2), we have 

2Lik{ALik) + (AL,ib)^ = 2(xjt - Xi)(Axk - Axi) + (Axk - Ax^)^ 

+ 2(yk - yx)(Ayk - AyO + (Ayk - AyiY 
+ 2{Zk - z:){AZk ~ A 2 O + {Azk - AZiY (3) 

If the distortion is so small that the increments in the ordinates 
may be treated as infinitesimals, i.c., if the second powers of 
the increments may be considered as negligible compared with 
the first powers, Eq. (3) may be written as follows: 

L,k{ALik) = {xk - x,){Axk - Axi) + {yk - yr){Ayk ~ AyO + 

(zk - Zi){AZk “ AzO (4) 

But 

Xk — Xi = LikicOH aik) 

yk - yi = Lu(cos 
Zk - Zi ^ Likicos y,k) 

and Eq. (4) may be written in the form 

ALik = {AXk - AXi) cos at* + (Ay* - Ay*) cos ffik + 

(AZfc - AZi) cos y,k (5) 

The second, third, fourth, and fifth geometric relations are 
important. They are considered in detail in other chapters of 
this book. 

The sixth geometric relation, dealing with torsional distortion, 
is difficult to analyze mathematically. Such research evidence 
as is available indicates that its effect may usually be ignored 
without appreciable error. 
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6. Theory of Linear Simultaneous Equations. — In order that a 
group of linear simultaneous equations may be solved, the 
following conditions must be satisfied: 

1. There must be as many equations as there are unknowns. 

2. The equations must be consistent, i.e., they must represent 
possible conditions. 

3. The equations must be independent, i.e., not obtainable 
from each other. 

The equations x + y == I and x — y = 2 are solvable for x and 
y because they fulfill the foregoing conditions. The equations 
X + y = I and 2x + 2y = 3 cannot be solved for x and y because 
they are not consistent. A functional relation exists between 
the left sides of the two equations — in this case the left side 
of the second equation equals twice the left side of the first 
equation. The same functional relation does not exist, however, 
between the right sides of the equations. Hence the equations 
represent an impossible condition. The equations x + y = I 
and 2x 2y ^ 2 cannot be solved for x and y because the same 
functional relation exists on both sides of the equations, i.c., 
the equations are not independent. 

If a determinant is evaluated and found to equal zero, a 
functional relation exists between the coefficients which compose 
the determinant. Suppose the following equations be solved 
by the method of determinants 


Then 


aiiXi 4- 012^2 + ctijXs = Cl 

dllXi -f“ €L22^2 “4" (^2Z^Z ~ C 2 
CLsiXi + az2X2 + 088^3 = Cs 


c. 

O 12 

O 18 

c . 

O22 

028 

Ct 

082 

088 

ail 

Oi2 

O 18 

021 

O22 

028 

081 

082 

088 


If D 2 equals zero, a functional relation exists between the left 
sides of the equations to be solved. If Dx also equals zero, 
the same fun<5tional relation exists between the constants Ci, 
Cti and Ca. Under these conditions the equations are not all 
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independent of each other, hence by themselves they are inde- 
terminate. If, however, Dj equals zero and D\ has a finite 
value, the functional relation existing between the left sides 
of the equations does not exist between the constants of the 
right sides of the equations. The equations are therefore 
inconsistent and cannot be satisfied. 

If there are more independent equations than there are 
unknowns, the equations cannot be consistent; hence no solution 
is available which will satisfy all the equations simultaneously. 
If there are fewer independent equations than unknowns, an 
infinite number of solutions are available, although there is a 
definite relation between the different solutions. 

Even, though determinants may not be used as an expedient 
for the solution of simultaneous equations, their use makes 
possible an investigation of the consistency and independence 
of the equations. 

6, Structural Analysis. — The general problem of analysis of a 
structure involves the determination of the reactions, the stress 
intensity at any point in the structure, and the shape of the 
structure after distortion. For a three-dimensional fraipe, 
the joints of which are capable of resisting bending, the stress 
intensity at any point in a member may be determined when the 
complete state of stress is known at any one section through 
the member. Six independent elements of stress occur at a 
given section: The total direct stress in the member, assumed 
to act at the centroid of the cross section of the member; the 
transverse shears, acting in the plane of the cross section in 
any two directions at right angles to each other; the bending 
moments acting about two axes in the plane of the cross section, 
normal to each other; lastly, a torsional moment lying in the 
plane of the cross section. For structures of this type, the 
movement of any point in a member may be determined when 
the six independent components of deflection which may occur at 
each end of the member are known. 

Consider a structure of this type, under the action of known 
external loads in equilibrium, or any other known cause of dis- 
tortion. In the general case, none of the external forces will 
be taken as reactions in the sense that the movements of their 
points of application are known. Let j equal the number of 
joints in the structure, and m the number of members. There 
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will then be present as independent unknowns in the complete 
solution six components of deflection at each joint and six com- 
ponents of stress in each member, or a total number of independ- 
ent unknowns equal to 6(j + m). At each joint of the structure, 
six equations of static equilibrium may be written as follows: 
Let OXy OY, and OZ be rectangular axes through a joint: the 
sum of the components parallel to OX of all tha forces acting 
on the joint must equal zero; the sum of the components parallel 
to OF of all the forces acting on the joint must equal zero; the 
sum of the components parallel to OZ of all the forces acting on 
the joint must equal zero; the sum of the components about the 
OX axis of all the moments acting on the joint must equal zero; 
the sum of the components about the OF-axis of all the moments 
acting on the joint must equal zero; and the sum of the compo- 
nents about the OZ axis of all the moments acting on the joint 
must equal zero. For each member of the structure, six geometric 
equations relating to the conditions of end deflection may be 
written. There are, then, available for the complete solution, 
six equations of static equilibrium for each joint and six geometric 
equations for each member, or a total number of available equa- 
tions equal to 6(j + m), this equaling the number of independent 
unknowns in the structure. 

At any joint in the structure, six independent reactions may 
be introduced, these being forces along, or moments about, each 
of three coordinate axes. Each independent reaction introduced 
offers restraint to a corresponding type of movement at the point 
of application of the reaction. The restraint may be complete, 
in which case the movement of the point, of the type resisted 
by the reaction, is zero, or the restraint may be partial, in which 
case the point of application of the reaction is permitted a 
limited amount of movement of the type resisted by the reaction. 
In either case, the movement of the point of application of the 
reaction enters the solution as a known quantity, even though 
this amount must usually be estimated in event of partial 
restraint. The introduction of each independent reaction there- 
fore removes an unknown component of deflection from those 
present in the solution of the general problem of structural 
analysis. The magnitude of the reaction, however, enters as a 
new unknown, so that equality between the number of available 
equations and the number of independent unknowns is independ- 
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ent of the number of complete or partial restraints introduced 
against movements by the reactions. 

7. Statically Determinate Structures. — The equations of static 
equilibrium of joints involve as unknowns only stress components 
of members and reactions. If the number of equations of static 
equilibrium available in a structure equals the number of 
independent stress components, and if the equations are inde- 
pendent and consistent, the equations of equilibrium may be 
solved by themselves, yielding values of stresses and reactions 
for the structure. A structure where such a solution is possible 
is called statically determinate. In such a structure, the equa- 
tions of equilibrium, although simultaneous, may usually be 
easily solved, the character of the equations being such that the 
unknowns may be determined successively. Geometric relations 
then provide the necessary equations for computing the change 
of shai)e of the structure due to stresses or to any other cause. 

Four important characteristics of statically determinate 
structures should be observed: 

1. Each member and reaction of the structure is necessary 
for stability; if any one is removed, the structure will collapse 
without stress under some possible arrangement of loads. 

2. The total load taken by any member, or the value of any 
reaction, depends only on the external loads and the layout of 
the structure, and is not a function of the stiffnesses of the mem- 
bers of the structure. 

3. If a distortion is introduced internally into any member, 
such as a change of length due to temperature, or if any point 
of support is moved with a movement of the type resisted by a 
reaction at that point, no stresses will occur in the structure. 

4. If an external load is applied to the structure, it will imme- 
diately encounter an elastic restraint. 

8. Stability and Instability. — If it is possible to apply an 
external load to a structure in such a way that the load encounters 
no elastic restraint immediately upon its application, the struc- 
ture is unstable. It is often possible that an unstable structure 
may be in a condition of unstable equilibrium, in which event 
elastic restraint will be immediately encountered by a given 
set of applied loads, although under some other condition of 
loading no elastic restraint would be offered by the structure 
to the loads upon their immediate application. 
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An equation of statics is a statement of the equilibrium of 
forces which, acting on a body, will prevent nonelastic motion. 
If n independent equations of statics may be written for a body, 
it follows that n independent motions of the body are possible, 
these motions being of the types resisted by the forces for which 
the equations of statics are written. If no nonelastic movement 
is to occur, each type of nonelastic movement must meet a 
corresponding restraint — an independent reaction resulting 
from the action of adjacent bodies upon the body under con- 
sideration. There must then be n restraints available, these 
restraints being independent components of stress in adjacent 
supports or structural members. 

If a three-dimensional truss, the joints of which are capable 
of resisting bending, is to be stable, each joint must be restrained 
against all types of nonelastic movement. A given, joint, if 
unrestrained, may perform six nonelastic movements: translation 
along, and rotation about, each of three coordinate axes. Six 
corresponding equations of statics may be written. If there 
are j joints, 6j nonelastic joint movements are possible: for these 
conditions 6j equations of statics may be written. For stability, 
it is necessary that at least 6j independent components of stress 
in members and reactions be present. 

A certain number of the independent stress components 
must necessarily be provided by external reactions on the 
structure. The minimum number of independent components of 
reactions must correspond to the number of independent equa- 
tions of statics which may be written for the external forces 
on the structure, this number corresponding to the number of 
independent types of nonelastic motion which could otherwise 
occur, considering the structure as a whole. For a three- 
dimensional structure, the minimum required number of inde- 
pendent reaction components is six, but this number will be 
increased for each condition of construction, such as the intro- 
duction of an internal hinge in the structure, which provides an 
extra equation of statics for the external forces. 

It follows, then, that a necessary but not sufficient require- 
ment for stability is that there must be at least as many inde- 
pendent components of member stresses and reactions as there 
are independent equations of statics for the structure, and that 
of these there must be at least as many independent reaction 
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components as there are independent equations of statics for the 
external forces acting on the structure. 

Three types of instability may be considered : 

1. When there are fewer independent stress com- 
ponents than there are equations of statics, a struc- 
ture is unstable. The equations of statics which 
would be written for this case represent impossible 
conditions and are inconsistent. A structure of 
this type is illustrated in Fig. 2, where for the 
structure shown six equations of statics may be written: 

SXa = 0; SFa = 0; 2:Za = 0; = 0; 

SFt = 0; SZb = 0. 



Fig. 2. 


There are, however, only four possible stress components: the 
bar stress Fa6, and the reaction components Xb, Yb, and Z^. 

2. When there are as man> independent stress components 
as there are equations of statics, but when the structure is in 
certain respects statically indeterminate, it is unstable. The 
fact that more restraints exist than are necessary to prevent 
nonelastic movements under one loading makes it unavoidable 
that under some other loading fewer restraints than are required 
are available. The planar structure shown in Fig. 3 illustrates 
instability of this type. Considering only the external forces 
acting on this structure, three equations of statics may be 
written: XH =0; XV = 0; XM = 0. There are three inde- 
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pendent reaction components: Fa, F^, 
and Fc. Under the load P acting as 
shown, the structure acts as a continu- 
ous beam and is statically indetermi- 
nate: if, however, a horizontal load is 
applied to the structure, it becomes 


unstable. Even under the vertical load, then, the structure is in 


unstable equilibrium, so that it belongs to the unstable class of 


structures. 


3. When there are as many independent stress components 
as there are equations of statics, and when the members and 
reactions are so arranged that with certain dimensions the 
structure is statically determinate, there may be specific relations 
between the dimensions which would render the structure 
unstable. Such a condition will be called geometric instability. 



12 


!ST AT WALLY INDETERMINATE STRUCTURES [Chap. I 


For geometric instability, the dimensions are such that different 
portions of the structure have instantaneous centers of rotation, 
about which simultaneous rotations without elastic restraint 
may begin. Usually after a small amount of nonelastic move- 
ment the structure has changed its shape sufficiently to act as a 
new structure which is geometrically stable. The condition of 
equilibrium which will be reached can be determined only by a 
consideration of the elastic properties of the structure. The 
three-hinged arch shown in Fig. 4a is statically determinate. 
If, however, the rise at mid-span is reduced to zero, as shown in 
Fig. Aby the structure is geometrically unstable. Each half 



of the arch may rotate about its end hinge a small amount without 
encountering elastic restraint. After a certain amount of move- 
ment of the center hinge, a condition of equilibrium is reached, 
as shown in Fig. Ac. The structure is now essentially a different 
one from that shown in Fig. 46, the deflection of the center hinge 
during the time the structure is coming into a state of equilibrium 
depending upon the elastic properties of the structure. If the 
resultant deflection of this hinge is once determined, the stresses 
could then be computed by the equations of statics. 

For a simple case, geometric instability may be recognized 
by inspection, or by inconsistent results in a stress analysis 
by the equations of statics. For more complex cases, a simple 
model may be constructed and tested, or the following mathe- 
matical investigation may be made. Referring to Art. 5, 
suppose the value of an unknown stress component be expressed 
as the ratio of two determinants, such as D 1 /D 2 . In this ratio, 
the value of D 2 is the same for all stresses. If D 2 equals zero, 
a functional relation exists between the coefficients of the 
unknown stresses in the different equations of statics which 
may be written. If, also, Di equals a finite number, the same 
functional relation does not exist between the applied loads; 
the equations are inconsistent and impossible, and the structure 
is geometrically unstable. Should Di equal zero, the equations 
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are not independent of each other, and the structure is statically 
indeterminate under the loading considered. Such a structure 
will therefore be unstable under some other loading. 

As an illustration of geometric instaVjility, consider the 
structure shown in Fig. 5. In finding the reactions, the available 
equations are, 2F = 0, 2// = 0, and 2M = 0, together with 
three equations of condition, namely, the bending moment at 
joint 9 is zero, the bending moment at joint 27 is zero and the 
shear in panel 17-19 is zero; in all, six equations. The number 



of unknown reaction components is six, so that, if the equations 
have a finite solution, the structure is statically determinate 
with respect to the outer forces. These equations arc: 

Ti + ^2 + 1^3 + Va — P = 0 
Hi - Ha ^ 0 
Vz +Va=0 

V \{ 3 (ih\ -f- ch\ -f- 6/12) + V2{(ihi + chi -(- 6/12) T 

V zijoihi T 6/12) -j- H lih^ — ^1) — Pi^cihi T e/i 1 “j- 6/12) = 0 

Viahi - Hihi = 0 

F46/12 - HaH ^ = 0 


If the last two equations be divided by hi and / 12 , respectively, 
the denominator determinant D 2 which appears in the solution 
of the equations is 


+1 

+ 1 

+1 

+1 

0 

0 

0 

0 

0 

0 

+1 

-1 

0 

0 

+ 1 

+1 

0 

0 

3(i/i 1 + c/i 1 -f- bh2y 

ah2~\~chi-\-bh2t 

(ihi-\-bh2f 

0 , 

h2 — hif 

0 

-\-a 

0 

0 

0 

-1 

0 

0 

0 

0 

+6 

0 

-1 


which reduces to ahi(a — b). Hence Di 0 when a = 6, and 
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under these circumstances the reactions will be either infinite 
or indeterminate. The structure will then be geometrically 
unstable. 

As a summary of the foregoing discussion of instability, 
one may state: In order that a structure may be stable, there 
must be at least as many independent components of member and 
reaction stresses as there are available independent equations 
of statics for the structure; and of these independent components 
of member and reaction stresses, there must be at least as many 
independent reaction components as there are independent 
equations of statics for the external forces acting on the structure; 
the equations of statics must be not only independent but 
consistent. 

9. Statically Indeterminate Structures. — It has been shown 
that the total number of independent equations of statics plus 
independent equations of geometry is equal to the number of 
independent components of stress plus independent components 
of deflection, and that for stability there must be at least as 
many unknown stress components as there are equations of 
statics. In addition to the unknown stress components required 
for stability, there remain, then, as many additional unknowns 
as there are equations of geometry for the structure. The 
division of these additional unknowns between stress and deflec- 
tion components depends upon the structure under consideration 
and may range from a condition where they are all stress com- 
ponents to the other extreme where they are all deflection 
components. For this latter condition a structure may be 
statically determinate with respect to its stresses. When, 
however, the number of unknown deflection components is less 
than the number of available equations of geometry, it follows 
that the total number of unknown stress components exceeds the 
number of available equations of statics. Solution for the 
stresses cannot be made for this condition from the equations 
of statics alone; such a structure is statically indeterminate 
with respect to its stresses. 

Since in a statically indeterminate structure the number of 
independent stress components exceeds the number of inde- 
f)endent equations of statics, this is analogous to stating that 
the number of restraining influences exceeds the number of 
independent movements of the structure which could take place 
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were the restraining influences not present. Under theses 
conditions, nonelastic motion meets more than one restraint. 
The part which the available restraints against a motion play 
in resisting the motion depend." upon the effectiveness of the 
restraints involved, which in turn is a function of the elastic 
properties of the members of the structure and its foundation. 
The dependence of stresses upon elastic properties of the structure 
constitutes an important characteristic of the statically indeter- 
minate structure. 

The excess of independent stress components in a statically 
indeterminate structure, over those required for stability, 
makes possible the removal of certain restraints, still leaving the 
structure stable. If the maximum number of restraints which 
can be removed without making the structure unstable are 
imagined as inoperative, the resulting structure is called the 
primary structure. Restraints are removed by removing 
independent stress components of reaction and member stresses. 
The number of restraints removed to give the primary structure 
is the degree to which a structure is statically indeterminate. 
The independent components of stress which may be so removed 
are called redundant stresses. The degree to which a structure 
is statically indeterminate is numerically equal to the excess 
in the number of independent stress components over the number 
of independent equations of statics; it is also numerically equal 
to the number of independent equations of geometry in excess 
of the number of independent deflection components. 

A structure may be statically indeterminate in whole or in 
part. If the reactions can be determined by statics but the 
member stresses depend upon the elastic properties of the 
structure, the structure is statically indeterminate internally. 
Often a portion of the member stresses along with the reactions 
can be determined by statics, but the remaining member stresses 
depend upon the elastic properties of the members involved. 
If the number of independent reaction components exceeds the 
number of independent equations of statics for the external 
forces, but the structure itself would be statically determinate 
were the reactions known, the structure is both internally and 
externally indeterminate, since the actual magnitude of the 
reactions depends upon the elastic properties of the members 
and foundations. An important characteristic of a statically 
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indeterminate stress component is as follows: If a deformation 
is imposed on a structure of the type resisted by a redundant 
stress, the deformation meets elastic restraint. 

In general there are two approaches which may be made 
in the solution of statically indeterminate structures: The 
stresses may be first determined and the deformations computed 
to correspond; or the deflection components may be evaluated 
directly in order that they may serve as a basis for stress analysis. 
In the first approach, there may be added to the equations of 
statics as many equations dealing with the elastic properties 
of the structure (these corresponding to the equations of geom- 
etry) as there are redundant stress components in the structure. 
The solution of these equations gives the stresses directly. 
The equations of statics can usually be solved progressively 
and with comparatively little labor; the equations of elasticity 
are usually interrelated in such a way that they must be solved 
simultaneously. The second approach consists of expressing 
the independent stress components in terms of the independent 
components of deflection and solving the equations of statics 
in which the stresses have been so expressed. The solution of 
these equations yields the components of deflection from which 
the stresses may be determined. In this procedure, the resulting 
equations of statics are interrelated in such a way that they 
must be solved simultaneously. In general, the necessary 
equations in either approach are easily written, and the labor 
involved in the solution of the equations is a major criterion in 
determining which is the better approach. Since this usually 
depends upon the number of equations which must be solved 
simultaneously, we may conclude that if the number of unknown 
deflection components exceeds the number of unknown stress 
components in excess of the number of independent equations 
of statics, the first approach is superior; but that if the number of 
unknown deflection components is less than this, the second 
approach will be the better. 

10, The Law of Virtual Work. — One of the problems arising in 
structural analysis is the determination of the distortion of 
a structure when it is subjected to external forces, to change 
of temperature or to any cause whatsoever. The solution of 
this problem is important not only because it is sometimes 
necessary to know the positions of points in the distorted struc- 
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ture, but also because one of the general methods of attacking 
the problem of stress analysis for statically indeterminate 
structures is based on setting up expressions for the movements 
of points in the structure in certain condition? of distortion. 
The law of virtual work may be used as a basis for determining 
the relation between the condition of distortion as defined by the 
internal strains and the movements of certain definite points 
in the structure. Its validity may be demonstrated in the 
following manner: 

Consider a body formed of isotropic material which is in 
equilibrium under a group of external forces Q. Assume that 
a small change in the shape of the body occurs, this change 
being measured from that w'hich exists in the condition of equi- 
librium and that it is independent of the forces Q. Such a dis- 
tortion is called a virtual distortion, the particular significance 
of the term virtual being that the distortion is independent of the 
forces Q. In the condition described any small particle within 
the body is in equilibrium under the forces applied to its surfaces 
by the adjacent particles and any forces which may act on it 
owing to the fact that it has mass; these latter forces w'ill be 
called inertia forces and in most bodies the only one which exists 
is the weight of the particle. During the virtual distortion each 
particle may be translated, rotated, and distorted: if these 
changes occur, the forces applied to the particle will perform 
certain amounts of work which are designated as virtual work 
because the displacements of the points of application of the 
forces are not dependent on the magnitudes of the forces. Let 
the work done by the forces acting on the surfaces of the particle 
be designated by dW^ and the work done by the inertia forces be 
called dWi] further, let the work done by the surface forces 
be divided into two parts, first, that part which is done during 
the distortion only of the particle, and, second, that part which 
is the result of the translation and rotation. If the first of 
these two parts is designated by dWdy the second will be 

dW. - dWd. 

Since the surface forces and inertia forces form a system in 
equilibrium, their resultant is zero and the amount of virtual 
work done by them during the translation and rotation of the 
particle must be zero also; therefore, 
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dWi + dW. - dWa^O (6) 

which may be written 

dWn = dWi + dW. (7) 

If the virtual work be integrated over the whole of the body, 
the equation becomes 


Wa = + W. (8) 

On each surface which lies inside the body and is, therefore, 
a boundary surface between two adjacent particles, two sets 
of forces operate, these being the reciprocal effects of the two 
particles on each other. These two sets of forces must be equal 
in magnitude but opposite in direction; consequently, the 
amounts of virtual work done by the two sets in any translation 
and rotation of the boundary surface must have an algebraic 
sum equal to zero. This being so, that part of the virtual work 
indicated by the term W, in Eq. (8) which refers to the work done 
by the forces acting on interior surfaces, vanishes, and the term 
must be interpreted as the virtual work done by the forces 
applied to the outer surface of the whole body. Under these 
circumstances, Eq. (8) may be stated as follows: If a body is 
in equilibrium and remains in equilibrium while it is subjected 
to a small virtical distortion, the virtual work done by the external 
forces acting on the body plus the virtual work done by the inertia 
forces is equal to the virtual work of distortion. This statement 
is known as the law of virtual work. 

11. Stresses Acting on a Particle. — Before the law of virtual 
work can be used in the problem of determining the relation 
between the movements of certain points in a structure and the 
condition of internal strain, it is necessary to develop expressions 
for the virtual work of distortion. With this purpose in view 
consider the distortion a small parallelepiped isolated from the 
surrounding material as shown in Fig. 6. Let the position of the 
particle be referred to a set of perpendicular coordinate axes 
OX, OY, and OZ and let the lengths of the edges be dx, dy, 
and dz, respectively. Let the stress intensities acting on the 
face which is perpendicular to the X axis and pjtsses through the 
origin 0 be 

/*, parallel to the X axis and positive when it is tension. 
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8xyy parallel to the Y axis and positive when it acts in the 
direction ( — 2 /), 

Sx$y parallel to the Z axis and positive when it acts in the 
direction ( — 2 ). 

Similarly, let the stress intensities acting on the face per- 
pendicular to the Y axis and passing through the origin be 
fyy parallel to the Y axis and positive when it is tension, 

Syg, parallel to the Z axis and positive when it is in the direction 

(-2), 

Syxy parallel to the X axis and positive when it is in the direction 
(-x). 

There will be similar notation for the stress intensities acting 
on the face passing through the origin and perpendicular to 



the Z axis. The stress intensities on the faces opposite to these 
three may differ from them by increments. For example, 
the stress intensities acting on the face perpendicular to the 

X axis but not passing through the origin are fx + -^dx, 

oX 

Sxv + ^—dx and + -^—dx, and are to be taken as positive 
ax ax 

as shown in the figure. As the lengths of the edges of the 
parallelepiped decrease, approaching zero as a limit, it is per- 
missible to neglect any variation of stress intensity over a face 
so that the resultant stress on any face may be considered as 
acting through the geometric center of that face. 

Since the particle is in equilibrium under the surface forces 
and inertia forces three equations of the form SM = 0 may be 
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written, taking, in turn, as axes of moments, three axes passing 
through the center of gravity of the particle and parallel to the 
X, y, and Z axes, respectively. If the first equation be that 
about the axis parallel to the X axis, the resultants of the stress 

intensities /„, /„ fy + 

resultant inertia force will have lines of action intersecting 
the axis of moments ; this is true also of the lines of action of the 

ds 

resultants of the stress intensities Sx*, Sxv H — and 


dx 


dSz 


Sxi H — while the lines of action of the resultants of 
dx 

ds 

s*x, 8yx H — and Stx H — are parallel to the axis of 
ay dz 

moments. The moments of the resultants of all these stress 
intensities will, therefore, vanish from this equation SAf = 0 , 
leaving 


(iv 

8y9 dx dz-^ + 


(sv. + 




s^y dx dy^ + 




+ -fdz^dx dy^ 


which may be written 


S 1 1 ri 

Syt dx dy dz + :^dx{dy)Hz = dx dy dz -+* ~ dyidz)'^ 

ay Z Z dz 

If both sides of this equation be divided by dx dy dz^ it becomes 




1 1 ^8 ty , 


As dXy dyy and dz approach zero, the infinitesimals in this equa- 
tion approach zero, also, and in the limit vanish, therefore, at 
any point, 

8yx — 8sy (9n) 

The other two equations XM = 0 lead in a similar fashion to 

8tx ~ 8xt^ 8xy ~ Syx 

This is merely an extension to the condition of three-dimensional 
stress of the familiar statement that in beams, which are con- 
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sidered to be in a condition of planar stress, the intensity of 
transverse shear at any point is equal to the intensity of longi- 
tudinal shear. For the purpose of brevity there will, in future, 
be no distinction made between Sy, and Sci, between s,* and 
or between and Sy*. They will be designated by Sy, and 

respectively, in which it should be noted that is perpendicular 
to the X axis, 8y is perpendicular to the Y axis, and 5 , is per- 
pendicular to the Z axis. 

12. The Virtual-work Equations.- -During the virtual distor- 
tion of a particle let the system of forces acting on the body, 
including the inertia forces, be designated by Q' and let the 
stress intensities due to these forces be /', /', 5 ', s', and s'. 

Suppose that during the distortion the surface YOZ moves 
away from the center of gravity of the particle a distance A'{dx/2) 
and that the opposite face moves away from the center of gravity 
a distance A"(da:/2). Owing to this part of the distortion the 

df' 

stress intensities /' and /' + ''^hl perform the virtual work 


(/: dy + [(/; 4- 

= (/'dj/ d^)^{dx) + dy 

j j j A(dx) dfL, , j . j A"(dx/2) 
= /. dx dy dz-r^ + ^^dxYdy dz—^~— 


The first term of this expression is an infinitesimal of the third 
order and the second is an infinitesimal of the fourth order. 
Since it is intended to find the total virtual work of distortion 
by integrating over the whole body and since, in such an inte- 
gration, the integrals of the infinitesimals of the fourth order 
will vanish from the definite integral obtained, it is unnecessary 
to consider the second term further and one may write, for this 
part of the virtual work, the expression 

The ratio A{dx)/dx is the distance strain parallel to the X axis, 
and this will be designated by the notation e, so that the expres- 
sion above becomes 




f:e,dV 
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Similar treatment with respect to the stress intensities and virtual 
strains parallel to the Y and Z axes leads to the expressions 
fyCy dV and /'c, dF, respectively, for the virtual work done by the 
normal stress intensities parallel to the other two axes. 

In addition to the changes in the lengths of the edges of the 
parallelepiped, the condition of distortion may involve changes 
in the angles FOZ, ZOX, and XOY, If such changes occur, 
the shearing stresses will perform work. Consider first the 
effect of a change in the angle YOZ, this change being taken as 

positive when the angle decreases. 
In this change the only stress 
intensities which do work which 
does not vanish when added to the 
work done by other shearing stress 
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+ -~dz. To evaluate this 

amount of work consider Fig. 7. 
Let the original cross section of the 
parallelepiped be Oabc and after distortion let the shape be 
Oa'Vc'. Let the decrease in the angle FOZ be a + a" = Qx, 
which is the shear strain about the X axis. The virtual work 
done in this part of the virtual distortion is 


+ ^d^dz dy a dz + 

= dx dy dz{a' + a") + a'^dx dyidz^ + ct''^-fdx{dyydz 

oz oy 

As in the expressions having to do with the virtual work done 
by the normal stress intensities, the infinitesimals of the fourth 
order will vanish when the virtual work is integrated over the 
body and need not be considered further. This part of the 
virtual work becomes, therefore, dV and, similarly, the virtual 
work done when the angles ZOX and XOY change is dV 
plus dV, 

The total virtual work of distortion done by the stress intensi- 
ties acting on the particle is 

dWd = [fx^z + f!/^ +/X + (I^) 
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and the virtual work done during the distortion of the whole 
body is 

Wa = /(/X +/X +/X + + s'^,)dV (11) 

The law of virtual work states that, in the kind of distortion 
under consideration in this article, the virtual work of distortion 
is equal to the virtual work done by the external forces plus the 
virtual work done by the inertia forces. If all these forces be 
included in a system called the Q' system and if the displacement 
of the point of application of any one of these forces along its 
line of action be designated by 6; also, if the internal stress 
intensities set up by the Q' system and, consequently, forming 
with the Q' system a system in equilibrium, are those designated 
by /x, Jyi fzj K while the virtual distortion is defined 

by the strains ^x, ey, gz, gy and Eq. (11) becomes 

SQ ' d = /(/' + fy €y + /* + 5 ' gr* + s' gy + s' g^dV (12) 

The limitations on the validity of this equation are those defined 
in the previous statement and should be carefully kept in mind. 

The condition of distortion encountered most frequently in 
structural analysis is that due to the imposition of loads or to a 
change of temperature. In order to use Eq. (12) as an expedient 
to determine the relation between the movement of a point in 
the structure and the internal strains, an arbitrarily chosen 
Q' system is adopted, this being such that the left-hand side of 
the equation may be interpreted as numerically equal to a 
simple multiple of the deflection component desired while the 
virtual distortion is defined by the strains due to the applied 
loads and the change of temperature. Usually it is convenient 
to express these strains, as far as possible, in terms of the cor- 
responding stress intensities. If the stress intensities due to the 
loads and temperature changes be designated by /*, /y, /z, s*, Sy^ 
and and the change of temperature by A/, the strains may be 
expressed in the form 

e. = i(/x - vUy + /.)] + t At = ^ 

Cy = ^(/y “ >'(/• +/*)! + < At ^ 

c. = ^(/. — >'(/* +/y)l + « At ~ ^ 


( 13 ) 
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in which e is the coefficient of thermal expansion for the material 
of which the body is composed, and v is Poisson^s ratio. 

It is still more convenient to have the strains expressed in 
terms of the bending moments, total axial stresses, and total 
shears. This can be done without trouble if the stress condition 
in each member of the structure is one of planar stress; this 
condition is usually assumed to exist even in a three-dimensional 
structure. If a member is in a condition of planar stress and if 
the X axis for the member is taken as coinciding with the gravity 
axis of the member 


/„ = 0; /. = 0; s, =0; s„ = 0; 

i Jx 


Sz 


~bl 


in which M = the bending moment at any section of a member, 
y = the distance of a point in the cross section from the 
gravity axis and is to be taken as positive on the 
side in which the bending moment causes 
tension, 

I = the moment of inertia of the cross-sectional area 
about its gravity axis, 

F = total axial stress, 

A = the area of a cross section, 

*S = total transverse shear at any section of a member, 
h = the width of the cross section at a point distance y 
from the gravity axis, 

Mt = the static moment about the gravity axis of that 
part of the cross-sectional area which lies 
outside of the point at which the shear intensity 
is to be computed. 

Also 


^ a' 


fl-f's- 0, 


5x = < == 0, 


S. = 


bl 


in which Mq = the bending moment at a cross section due to 
the Q' system, 

Fq — the total axial stress at a cross section due to the 
O' system, 

Sq = the total shear at a cross section due to the 
Q' system. 
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+ 


bUHi / 

dxj J y- dy dz 

I’-'afi* J /''» * + ‘i.. T'*" J J"*-'!'* 


In this expression the double integrals (over the cross section) 
have the following meanings: 

// 2/2 dy dz = /; ffy dy dz = 0; // dy dz ^ A 

and Eq. (14) becomes 


■!>!l At y dy dz + ^ /H j L.l dy dz 


+ 






(15) 


the single integrals being from x = 0 to x = L. 

The third and fourth terms of the right-hand side of Eq. (15) 
cannot be simplified further without defining the variation of the 
change of temperature over the member and the last term cannot 
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be simplified without defining the shape of the cross section. 

Further simplification may be illus- 
trated, however, by carrying out the 
process for a particular set of con- 
ditions. For example, assume a 
temperature change which is con- 
stant across the width of a mem- 
ber but varies linearly from the 
upper to the lower side, the plane 


:y I 


■cTT 

J_JL 



At, 


Fio. 8. 

of stress being vertical (see Fig. 8). 


At = M2 + (All - A^2) 


Ci + y 
d 


= Atv ^ j" + Aiil 




= ^[A<i(c2 + v) + Atiici - y)] 


At the C.G., Mo = Mi + CiMt) 

{A/i(c2 + y) + Att(ci - y)]y dy dz 


AtiCz ' 4 " At2C 




dy dz 


= 5 A(A<) 


where 


+ 


Ati 


Ati - M 




dy dz 
( 16 ) 


AiM) = 

jjmdydz-ljj {A«i(c2 + j/) + Miici - y)]dy dz 


MiCt “h MiCi 


d 


= A Mo 




y dy dz 
( 17 ) 


The third and fourth terms become, for this set of conditions, 

€ J* ~A{At)dx + ^ J* P'q^to dx 

which, when the member is prismatic and A{At) is the same for 



Abt. 12] BASIC CONCEPTS AND THEOREMS 

all cross sections of the member, may be written 


27 


Mq dx + Fg € AtoL 


The simplification of the shear term may be ilhistrated by 
carrying it through for a member of rectangular cross section. 

!<)5(5 + f) - Kf - »') 

= 4 - 4 - 4 - 4 - 

4\l6\2 '*■ 2/ 6\8 ^ s}^ 5V32 32/j 

TVie 24 80/ 120 10 ^ 

Therefore, for a member of rectangular cross section, the shear 
term becomes u ^ 




SoS 


12 

10 I AG 


a T 
^ 1 

llLi. 


The evaluation of the shear term for members I 1 — i— i 

such as I beams and channels is more com- ^ 

plicated but the evaluation for a few sections lead to the 
following results: 


For an 18-in. C.B. 70 lb., 0.994 


For an 18-in, C.B. 124 lb., 1.000 


For a 36-in. C.B. 360 lb., 0.997 


For a 24-in. I beam 79.9 lb., 1.018 


. 018 / 14 * 


For an 18-in. I beam 42.9 lb., 0.997 


where A* is the product of the web thickness and the depth of 
the beam. It is evident, therefore, that if the shear were con- 
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sidered as uniformly distributed over the area of a beam of 
rectangular cross section the contribution made by the shear 
term to the total deflection would be but 83 per cent of the correct 
magnitude, but that in an I beam the assumption that the shear 
is uniformly distributed over the area of the web (beam depth 

times web thickness) leads to an 
error in the evaluation of this term 
of but 2 per cent or less if these 
values may be taken as typical. 
Since, in general, the shear term 
is a comparatively small part of 
the total, the error involved in 
using this approximate method is 
negligible, particularly when the 
members are beams of the shape 
With this in mind, Eq. (15) may 



used for rolled steel beams, 
be written as 




SqS 


+ + (19) 


where X is a numerical coefficient equal to 1.2 for members 
of rectangular cross section and 1.0 for members such as I 
beams, and A' is an area over which the shear is assumed to 
be uniformly distributed. If the member be part of an ideal 
truss, in which the members are subjected to axial stress only, 
the equation becomes 


= 


( 20 ) 


This discussion might be made somewhat broader in its 
application if the cause of distortion is not limited to the applica- 
tion of loads and to change of temperature. The assumption 
that each member is in a condition of planar stress is retained 
and the assumption that transverse sections, planar before 
distortion, are planar after distortion, which was a prerequisite 
to the equations 
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ft ^tV _±_ ^9 „/ SqMt 

I a’ ‘ ~ bl 

is again pointed out. For a condition of distortion which fits 
these assumptions, an element of a membor such as that shown by 
abed in Fig. 10 has a shape after distortion as shown by a6c'd'. 
The section ef is parallel to the original position of the section 
cd] eo is the distance strain at the gravity axis of the member. 


V 

Cx dx = ea dx ~(ei dx — Co dx) 

Cl 


= eo dx + y dS 

In such circumstances Eq. (12) becomes 


+ 


= 2 
= 2 


CfMq Fq Mq JO . F q dO . \ ...I 

j^odxjj y dy dz + Jr'* ■'* J / dy dz 

y^dydx + j^^dx j j y dy dz + 


and, since JJy dy dz = 0, //dj/ dz = A, fjy^ dy dz = I, this 
becomes 

2«'-2[f-^ + J FqCodx + J'sjg.dyj (21 j 

and if is constant over the length of each member, this becomes 

2^' * = 2 J + J (22) 

When the causes of distortion are limited to the application of 
loads and to change of temperature, 

1/Mci ,F\ .. 

“ A~ ‘ ‘ 

= e\~T + 1 / + * 
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where c* is negative; 

do = (ci d® — e» d®)^ 

fl/Mci ,F Mc 2 F\, . ... ..,,11 

= [A~r + A--r-Ar-^ ‘ \d 


Also 

It is evident that if these values are substituted in Eq. (22) 
the resulting equation is the same as Eq. (19). It should be 
remembered that the dd used here is the change in the slope of*a 
section originally perpendicular to the axis of the member. If 
the distortion includes the effect of shear, the transverse sections 
do not remain perpendicular to the axis of the member and the 
change of slope of the axis is not the same as the change in the 
slope of the transverse sections. 

13. Alternate Proof of Law of Virttial Work for Trussed Struc- 
tures. — An alternative method of demonstrating the law of 
virtual work for trussed structures may be based on the geometri- 
cal relation stated in Eq. (5) : 


EI^ 


*^d® 


ziLit = (Ax* - AXi) cos aik + (Aj/* — Aj/<) cos /3i* 

+ (Az* — Az.) cos ><* 


Suppose that some system of external forces Q' applied to the 
joints of the truss causes a stress in member ik. Multiply 
both sides of Eq. (5) by this stress. Then 

F'if^ALik = {AXk - Axi)F,'fc cos + {Ayk - ^ydF-k cos 

+ (A^, - Azi)F[, cos 7 ,, (23) 

If an equation of this sort be written for each member of the 
truss and all these equations be added together, the result is 

i:F'n,ALik = 2[(Axfc - AXi)Fi^ cos + {Ayk - ^yi)F[k cos Pik 

+ {AZk - AZi)F[j, cos jik] (24) 


If it be remembered that the angles a, and y are measured 
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from the positive directions of the coordinate axes, it is evident 
that 

otki = 180° + aiky fiki = 180° + ffik, ykx = 180° + yik 

therefore, 

cos aki = — cos aikj cos fiki = — cos fiiky 
cos yki ~ cos y %k 

and Eq. (24) may be written as 

ALik = - 2[Aa;i cos a^k + A?/,- F[^ cos fiik + 

AZi F-fc cos yik + AXk F[k cos aki + Ayk cos fiki + 

Azk F'^ cos 7;t.] (25) 

If the terms in the right-hand side of this equation are regrouped, 
one group for each joint, and the stress in any member is con- 
sidered as a force applied to each of the joints at the ends of the 
member, Eq. (25) may be written as 

2F,; ALik = ~ 2[Ax»SF/, cos + Ay^ZF^, cos ^ik + 

AZiZFlk cos yik] (26) 

where i designates any joint of the truss, F[j, is the stress in 
any member due to a system of external forces Q' applied to the 
joints, and in which each summation within the brackets includes 
all the members which are connected to joint i while the summa- 
tion outside the brackets includes all the joints of the structure. 
If the resultant external force applied at joint i be Q(- and the 
angles of inclination of this resultant to the X, F, and Z axes 
be Tjt, and respectively, the equations of equilibrium for 
the joint are 

Qi cos ii + 2F^ cos aik = 0 

Q\ cos + SF'* cos /5ijfc = 0 (27) 

Qi cos fi + ZF'ik cos 7 iifc = 0 

Using these relations, Eq. (26) may be written in the form 

ZF[j,ALik = 2[AxiQ; cos + AyiQ[ cos -f Az.QJ cos f J 

= 2Q<(Ax» cos ft -h Ayi cos 7\i -h Azi cos f.) (28) 

The quantity within the parentheses in the right-hand side of this 
equation is the sum of the projections, on the line of action of 
0^-, of the components of the displacement of joint i and might 
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be written as the projection, on this line of action, of the dis- 
placement. If this projection be designated by 5i Eq. (28) 
becomes 

SF;, AL., = XQ% (29) 

which is an algebraic statement of the law of virtual work. 
The only limitations on the validity of this equation are that 
the stresses Kk must be those due to the external forces Q' 
with the truss in its distorted condition, that the changes of 
length AL and the joint displacements 8i are those existing in the 
condition of distortion under investigation and that the dis- 
tortion be such that Eq. (5) is satisfied. 

14. Clapeyron’s Law. — Consider a structure that is subjected 
to external forces which vary continuously from zero to their 
final magnitudes and which ultimately attains a condition of 
equilibrium. Let the external forces and internal stresses 
form a system in equilibrium at every instant of the interval 
during which the forces are increasing and the distortion of the 
structure is progressing. Assume that there is no change 
of temperature. At some instant let the simultaneous magni- 
tudes of the external forces and internal stress intensities be (?', 
fxf fyy Smi K’ respectively. At the same instant let 

the displacement of the point of application of any force Q' 
be 5. During a small interval immediately following the instant 
at which these stress intensity magnitudes exist, let the dis- 
placements of the points of application of the forces Q' increase 
by increments dS while the strains in the structure increase by 
the increments de^, de', dc', dg', dg^, and Since the law 

of virtual work is valid for any system of forces Q, it is valid for 
that particular case where the forces Q have the same magnitudes 
as a set of forces which are causing the distortion; consequently 
one may write, 

SQ' dS = S/(/; de: + f' de' + f, de', + s'^ dffi + s' dg' + 

s'.dg'JdV (30) 

Moreover, since these are the real stresses and real strains 
occurring at the particular instant under consideration, the 
amounts of work appearing in Eq. (30) are the amounts of real 
work that would be done if the external forces and internal 
stresses remained constant during the small interval. The 
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forces and stress intensities do not remain constant in the 
small interval, however, and the amounts of real work done by 
the increments to the forces and stress intensities may be stated 
as XiSdQ' dd and 

K2i{dfl de; + dfl dei + d/J de', + ds^ dg^ + ds', dgl, + ds^ dg^.)dV 

where K\ and X 2 are factors which are less than unity. The 
terms in this expression are infinitesimals of an order one degree 
higher than those in Eq. (30) and will vanish in the definite 
integral obtained by integrating the work over the v hole interval. 
They need not be considered further and Eq. (30) may be taken 
as a sufficient statement of the real work done in the small 
interval. . Since the strains are due to the forces Q' they may be 
expressed as 

< = ^[/; -»'(/:+ /x)l = 

e'. - l\r. - + s'y)\ = ^ 

and, differentiating, 

de: = -^[dfl - uidf', + d/;)] dg: = ^ 

1 ds^ 

de'y = ^[dfi - v{df'. + d/')l dg' = ^ 

de'. = -W. - v{df: + df[)\ dg: = 

If these values are substituted in Eq. (30), it becomes 

- y(j'y df. + c) + r. df. - v{j'. d/; + /; dQ ! 

+ ^;(.vid< +5id< +s:dsi)jdy 

If this be integrated over the whole interval, z.c., between the 
limits zero and Q' = Q, /x = /x, fy = A, A = A, 4 = «x, si = 
and s' = St, the equation becomes 
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2 Jo' = 2 +/? +/2) - +fyf. +Uy) + 

^(s| + s; + 0W (31) 

From Eq. (12) 

SQ 5 = S/(/xe* +/v«» +f.e, + Sxffi + + s^,)dV 

= J* ~ ~ +/*)! + 

~~ *'(/* + /»)] + 

= 2 J[i^ +n+n)- ^(J4y + fyf. + Uy) + 

g(s| + S^ + s|)]dF (32) 

The summation in the right-hand side of Eq. (32) is just 
double the summation in the right-hand side of Eq. (31), therefore 

In the development of Eq. (31) no limitation was imposed 
on the rate at which the forces Q' increased from zero to their 
final magnitudes nor on the order in which they were applied to 
the structure. The development does depend, however, on the 
validity of the law of virtual work; therefore, Eq. (31) can be 
true only when the distortions are so small that the law of virtual 
work is applicable. Within these limitations, a consideration of 
Eqs. (31), (32), and (33) leads to the following conclusion: 

If a structure is initially urithout stress and is not subjected to 
a change of temperature^ but is operated on by external forces 
which vary continuously from zero to their final magnitudes^ and 
which produce a small distortion of the structure ^ the mechanical 
work done by the outer forces while the structure is arriving at a 
condition of equilibrium is equal to the mechanical work done by 
the internal stresses. Each of these amounts is independent of 
the rate ai which the forces increase and of the order in which the 
external forces are applied to the structure; each is half as great 
as it would have been if the forces^ or internal stresses^ had had their 
final magnitudes throvghout the whole of the distortion. 
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This statement was formulated first by Clapeyron and is 
known as Clapeyron^s law. 

It is often convenient to express the mechanical work of dis- 
tortion (strain energy) as a function of the bending moments, 
shears and total axial stresses. Consideration will be limited 
to structures in which each member is in a condition of planar 
stress. As in Art. 12, 


r My .F ... 

Jx — j "i" Jy y* Sy 


+ 

+ 


0; s, = 


2G\ bl 
SWf ■ 
2Gb^P 


)1 


dV 


SMx 

bl 

dV 


In trying to develop a general expression for the last term which 
will be simpler than the form just obtained there is the same 
difficulty as was encountered in the expressions for virtual work, 
and, since no great error is involved in the approximation based 
on the assumption that the shear is uniformly distributed over 
an area A', {K = 1), the further simplification will be based on 
this assumption. 

+ /2S1* J /■'» 

If the members of the structure are prismatic and if the loads 
are applied at the joints only, the second term becomes 

^ F^L 
2j2AE 


If the structure is an ideal truss, the shear and moment terms 
vanish and Eq. (34) becomes 




2AE 


( 35 ) 
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16. Castigliano’s Law. — Let the external forces Q acting on a 
structure be separated into two groups: First, those forces 
which aTe independent of each other such as loads and which 
will be designated by the letter P; and, second, a group, such 
as reactions, which is dependent on the first group. Equation 
(19) may then be written as 


f- ej dx j 


F/ 

+ « 


AF 


'G^ 


(36) 


in which Wr is the virtual work done by those external forces 
which are not independent of the forces P. If the only forces 
in this last group are reactions, the term Wr will vanish unless 
the condition of distortion involves yielding of the supports. 
Since the external forces P and the resulting internal stresses 
Mgj Fgj and Sq are independent of the condition of distortion 
as defined by the internal stresses Af, F, and S, and of the changas 
of temperature A{At) and Afc, if the partial derivative of the two 
sides of Eq. (36), with respect to one of the external forces Pm, 
be written, Eq. (36) becomes 


1 5in + 


dW, 

dP 


2 ' CdMqM, . CdFq F , 

J dP„ FI^"" + J dP„ af'^'' 


+ 


-J 


dS, S 


dP„ A'a 


4x + 1 


i 


dM, A(A0 


dx + t 


J^Aiodx (37) 


Since Eqs. (36) and (37) are valid for all Q systems, they are 
valid for that particular Q system which is the same as that 
which is operative in causing the distortion and which corresponds 
to the moments Af , the axial stresses P, and the shearing stresses 
S. Therefore one may write 


1 5m + 


dW^ 

dP 


- 2[ J 


d 

dPn 


M dM 

Fiw:: 

GdPr 


+ 




f— 

J AF 


dF 


dP 
dM AiM) 


dx 


dP 


d 

pi 

iTF' 


dx + t 




2-J 


dM AiAt) 
dP~ 


dx + 


2'J 


dF 

dP, 


Ato dx (38) 
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By referring to Eq. (34) it may be seen that the expression within 
the brackets is the strain energy Wd due to the external forces; 
therefore 


1 


dWr _ dWd 


+ « 


fep 

J ^ 


A(o di + t 


ran A(i<) 


(39) 


If the virtual work Wr done by those forces which are not 
independent of the loads P is zero, which usually means that the 
points of support do not yield, and if there is no change of 
temperature, this equation becomes 


1 


dWd 

ap« 


(40) 


which may be stated as foliows: 

If a structure be in equilibrium under the action of external 
forces f if the points of supports do not yield and there is no change 
of temperature^ the displacement of the point of application of any 
one of the external forces in the direction of that force due to the 
application of the external forces mentioned is equal to the partial 
derivative^ urith respect to that force, of the strain energy of the 
structure due to these external forces. 

This is known as Castigliano’s second law. The demonstra- 
tion just given is limited to structures in which each member is 
in a condition of planar stress. It might have been carried out 
by starting with Eq. (12) as a basis, in which case no limitation 
would have been placed on the character of stress existing in the 
members, and the conclusion stated at the end would still be 
valid. Thus, Castigliano’s law is valid for structures of all 
types. 

16. Betties Law and Maxwell’s Law. — ^Let a structure be 
subjected to the action of a set of external forces Qn which cause 
a condition of distortion which may be defined by the deflections 
of certain points m in the directions mo and let the deflection of 
any point m, in the direction mo due to the action of a unit value of 
one of the forces Qn be designated by The deflection of a 

point m due to the group of forces Qn is, therefore, XQndmn^ 
If Eq. (12) is written for this condition of distortion^ using as a 
Q' system a set of forces Q„» applied at joints m and acting in the 
directions mo, it becomes 
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^QmQnimn = 2J iJmxCnx "h ff^V^ny “H fmg€na “t“ “t" SmyQny “1“ 

Sm^n,)dV 


-2J{ 


)/«**^[/»»* *'(/nv "f" /n*)] 

“H ^(/n* 4" /n*)] 4“ fmt^[fnx ~~ v(Jnx 4" /«v)] 
1 


-2J{ 


4” ^i,^mxSnx 4” SmySny 4” )J>dF 

Cfmxfnx 4“ JmyJny 4“ fmzfnz) 


— ^[/m*(/nv 4- /n*) 4" /my(/n# 4” /n*) 4-/m#(/nx 4" /ny)] 


4- nx + SmySny + s, 




dV (41) 


Now consider the same structure in the condition of distortion 
which would be caused by the external forces Qn and apply the 
law of virtual work using the Qn system as the forces Q' in Eq. 
( 12 ). 


2Q,Q«5» 


- 2/tf- 

-2J{ 


x^mx 4" fny^my 4“ fnx^tng + S„,jf mx + SnyQmy 

4“ ^nxQm^dV 


\Jmx — ^{fmy + f mt)] 4" '^[/my 
fntr 


— y{fmg 4-/mx)l 4“ ■^[/»»»» y(Jmx 4" /my)] 


- 2 /{ 


1 

+ QiSnzS mx + Sny^ my + 

~jl^{Jnxfmx 4" fnyfmy 4” frtfmg^ 


S„^m.)|dV" 


— ^[/nxC/my + /mx) 4“ /»y(/mx 4“ /m*) 4" /n*(/mx 4” /my)] 


4“ ^(^nx^mx 4" ^ny^my 4" 


ix5mx)|^ 


dV (42) 


The expressions in the right-hand sides of Eqs. (41) and (42) 
may be seen to be exactly alike though the coefficients of v/E 
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are not arranged in exactly the same order; therefore, 

^QmQn^mn = ^QnQm^nm ( 43 ) 

This equation is an algebraic presentation of what is known 
as Betties law, which may be stated as follows: 

The virtual work done by a group of etternal forces Qm during 
a distortion due to a group of external forces Qn is equal to the virtual 
work done by the forces Qn in the distortion due to the forces Qm. 

In the particular case where each of the groups Qm and Qn 
is reduced to a single unit force, together with the reactions they 
cause, and in which the points of support do not move, Eq. (43) 
becomes 

5mn = Snm (44) 

which may be stated as follows: 

In a body supported on unyielding supports the deflection of a 
point m in the direction mo due to the action of a unit force applied 
at point n and acting in the direction np is equal to the deflection 
of point n in the direction np due to the action of a unit force applied 
at joint m and acting in the direction mo. 

This is known as MaxwelFs law of reciprocal deflections. 
It will be used frequently in the analysis of indeterminate 
structures. 



CHAPTER II 


DEFLECTIONS 

17. Introductory. — It has been suggested already that the 
problem of determining the distortion of a structure is of much 
interest, both on its own account and because of its use as a 
step in the stress analysis of indeterminate structures. It is, 
consequently, important that the structural analyst should be 
familiar with various methods of solving this problem and this 
chapter will be devoted to discussion of some of these methods. 

18. Computing Deflections by the Law of Virtual Work. — If 

the law of virtual work as expressed in Eq. (21) is applied to a 
structure, any element of which may be in a condition of dis- 
tortion as defined by angular strains linear strains Co dx 

and shear strains p, dx, and if the Q' system used in the equation 
consists of a unit load applied at joint m in the direction mo 
together with the reactions set up by this unit load, the left-hand 
side of the equation becomes I dm + Wr where 5m is the move- 
ment of m in the direction mo and Wr is the virtual work done 
by the reactions due to the unit load if the condition of distortion 
involves movement of the points of support. When the points 
of support are unyielding, the term Wr vanishes and the left-hand 
side of the equation is numerically equal to dm- If there is 
some yielding of the supports, such yielding must be known 
before dm can be evaluated. Designating the bending moments, 
axial stresses, and shearing stresses due to this particular Q' 
system by Mm, Fm, and Sm, respectively, Eq. (21) becomes 

1 = 2[ J + J + J 

(45) 

Since ^ + c — is the rate of change of slope of a member, 

F S 

+ « A<o is the rate of change of length and is the rate 


40 
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of shear distortion, Eq. (45), which is general in that it includes 
the effects of all types of distortion, may be written in the form 






+ € I dx 




(46) 


which is directly applicable when deformations are due to stress 
and temperature changes. 

It is evident, therefore, that, provided there is knowledge 
as to any possible yielding of the supports, Eqs. (45) and (46) 
may be used as an expedient to determine the movement of a 
particular point in a particular direction in any condition of 
distortion of a structure if the stresses Afm, Fm, and Sm can be 
computed and the strains, expressed either as in Eq. (45) or 
as in Eq. (46) can be found. When the structure under con- 
sideration is a truss, either planar or three-dimensional, those 
terms which express the result of changes of slope and of shear 
deformations vanish, and Eq. (46) becomes 


1 5m + Wr 



dx + f: 


J f mA^o dx 


(47) 


and if, in addition, the members are prismatic and A^o is constant 
over the length of a member, the equation may be written as 

lS^+Wr = 2 ^^ + 

= Sf „ AL (49) 


As a simple illustration of the use of this expedient consider 


/QOOOfb. 


k--6' 




^1 

jLL 




I I 


->\ 

I 


44/s 

/5k 04/ =6/5 
(a) 


(b) 


Fig. 11. 


the problem of determining the vertical deflection of point m 
of the beam shown in Fig. 1 la due to the loading given there. 
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Assume that the points of support do not yield. In the condition 
of distortion to be investigated here, F = 0, A^) = 0, A(A0 = 0, 
and the functions expressing M and S vary for different parts 
of the span. The Q' system is shown in Fig. lib. Measuring x 
from the left reaction, for 


0 < X < 6 

M — 5x 
Mm = fx 
S = +5 

Sm = +1 


6 < X < 8 

M = 5x 

Mm = -|x + 6 
- +5 
= -I 


8 < X < 16 

M — — 5x + 80 
Mm = -|x + 6 
S = -5 

Om 8 


in which the stresses for the distorting condition are stated in 
units of 1,000 lb. Equation (46) becomes 


1 «. 


= I ^ I K = 1) 


El 


8/ 


{5x)dx + 


3x 




+ 6 ){5x)dx 


+ 


+ J. <+^>(■ 5 )“'' + 1 

_ 1 r25 ^ 6’ 15 ^ 8’ - 6’ , - 6^ 

£■/[ 8 ^ 3 8 ^ 3 + 2 


+ ^ X - 60 X + 480(16 - 8) 


8 


3 

+ - 


= 780 30 

A'G’ 


1 

i'G_ 


+ f X 6 


^(8 - 6 ) + i -(16 - 8 ) 


taking^ = 3 X 10' lb. persq. in., and(j = 1.15 X lO'lb. per.sq. in.. 


5 


780 

■*'3 X 10< X 12' X 441.8 X 12-* 


^ 6.15 X 12-' X 11.5 X 10' X 12' 
= +0.00848 + 0.00042 (ft.) 

= +0.00890 ft. 
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It might be noted that the deflection due to the shear distortion 
is but 5 per cent of the total deflection in this particular example. 
In most practical cases the shear deflection is of the same general 
proportional magnitude as this and need not be computed. The 
relative importance increases as the ratio of the length of the 
span to the depth of the beam decreases. 

As a further illustration consider the deflection of point m 
in the condition of distortion caused by a change of temperature 
which is the same for all cross sections of the beam but varies 
uniformly from an increase of 50^F. at the top of the beam to an 
increase of 10°F. at the bottom. Since A(A0 = Ati — Atz 
and Ah is the increase in temperature at the edge for which the 
ordinate y is positive (see Fig. 8) and, therefore, is for the side 


on which the bending moment causes tension 



My 

I 



also, since the bending moment here has been taken as positive 
when it causes tension in the lower part of the beam, 


AiAi) = 10^ - 50° = -40°; 
A^o = +30°. Equation (46) becomes 


1 6m = eA(A0 


]\L m dx , 


- -ryr¥'^+j.VT+'>)*] 


F„ = 0 
3x 


t 


5 ,, 6^ 3/l6» - 6* 


- 32t| 3X2 sV” 2 

-960 X 6.5 X 10-» 
-0.00624 ft. 


+ 6(16 - 6) 


The negative sign indicates that the deflection is in a direction 
opposite to that of the unit load. 

The law of virtual work also provides an expedient which will 
enable the analyst to determine the change of slope at a point 
in a structural member. In such a problem the Q system to be 
adopted consists of a unit couple to be applied at the point where 
the change of slope is desired, together with the reactions set 
up by this couple. An examination of Fig. 12 shows that when 
such a Q system is used the left-hand side of Eq. (21) becomes 
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i 5mi + i «*, + Wr = -(a tan e) + W 
a a a 

= tan 6 + Wr 

The rotation encountered in the usual structure is so small that 
no distinction need be made between tan 6 and the angle 6 
expressed in radians; therefore, if there is no yielding of the 
supports, the left-hand side of Eq. (21) may be interpreted as 
l(^). As an illustration, consider the problem of determining 



Fio. 12. Fio. 13. 


the change of slope at the left end of the beam of Fig. 11a. 
The Q system to be adopted is shown in Fig. 13. For the condi- 
tion of distortion defined by the loading and temperature change 
previously used, Eq. (46) becomes 

‘ " ■ Mr(' “ b)*** + J. (‘ - b)(- 5 * + 80 )* 

+ + to[X '(ji - b)** + 


.±r 

Ell 




8 * 5 8 ’ ,( 16 » - 8 ») 5 ( 16 ’ - 8 ’) 

^2 16 ^3 2 ■^16 3 


+ 640 


§2 ( 16 ^ - 8^) 1 _ 30/16 - 

16 2 J 2 X 16 / 

, 1 fS 5 5,0 ^ Sol 

A'GLx 16 *‘ 16 ^® 16 ®J 


~ El A'G 


3 X 10 « X 12 * X 441.8 X 12-* 


256 X 6.5 X lO-' 


6.15 X 12 -’ X 11.5 X 10 * X 12 » 
= + 0.00173 - 0.00166 + 0.00007 
= + 0.00014 rad. 
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In the second last line of the foregoing computation, the first 
term shows the effect of the bending moment, the second term 
is the change of slope due to the change of temperature, while 
the third is the change of slope due to the shear. As in com- 
puting the vertical deflection, the effect of the shear is a com- 
paratively small fraction of the effect of bending moment or of 
the effect of change of temperature. 

The use of the law of virtual work as an expedient to enable 
one to determine the movement of a joint of a truss in some 
particular condition of distortion is very similar to what has 
been demonstrated in the previous illustrations. For trusses, 
however, Eq. (46) is expressed in the form given in Eq. (49), i.e., 


I 6m +Wr = ^Fm AL 


To illustrate, consider the problem of determining the vertical 
deflection of joint 5 of the truss shown in Fig. 14a when the 
condition of distortion is that caused by the loading given in the 
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figure. The loads are stated in units of 1,000 lb.; the numbers 
written in parentheses on the members are their cross-sectional 
areas in square inches. 
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The Q system to be used consists of a unit vertical load applied 
at joint 5 together with the reactions it causes. The first 
step in the solution is to make two stress analyses, one to find 
the stress intensities due to the distorting loads and, through 

them, the changes of length AL = ^ and the other to determine 

the stresses Fm. The first of these is carried out in Fig. 14c 
and the second in Fig. 146. If the points of support do not 
yield, the term Wr vanishes and Eq. (49) becomes 

1 ^ 

The summation may be arranged in tabular form as follows: 


Bar 

L (ft.) 

/• io-« 

Fi 

FiE AL 10-> 

1-3-5 

50 

-H9.95 

+0.527 

+ 262.1 

5-7-9 

50 

+9.39 

+0.791 

+ 371.2 

9-11-12 

50 

+9.95 

+0.264 

+ 131.0 

2-4-6 

50 

-9.68 

-1.054 

+ 510.0 

6- 3-10 

50 

-9.68 

-0.527 

+ 255.0 

1- 2 

39.8 

-7.63 

-0.856 

+ 260.2 

2- 5 

39.8 

+8.55 

+0.856 

+ 291.6 2357 

5- 6 

39.8 

-2.59 

+0.428 

- 44.1 1«^-3X10^ 

6- 9 

39.8 

-2.59 

-0 428 

+ 44 1 ^ 0.0786 ft. 

9-10 

39.8 

+8.55 

+0.428 

+ 145.7 

10-12 

39.8 

-7.63 

-0.428 

+ 130.0 

2- 3 

31.0 

+5.34 

0 

0 

4- 5 

31.0 

0.0 

0 

0 

6- 7 

31.0 

+5.34 

0 

0 

8- 9 

31.0 

0.0 

0 1 

0 

10-11 

31 0 

+5.34 

0 

0 





+2356.8 


If this condition of distortion had involved a yielding of the 
points of support, for example, a movement downward of joint 1 
amounting to ^ in. and a movement of \ in. downward at joint 12, 
the term Wr would not have vanished and Eq. (49) would have 
been 

-0.667 X 0.5 X ^ - 0.333 X 0.26 X + 1 «» = 4 
= 0.0786 + 0.0277 + 0.0069 = 0.1132 ft. 


3 X 10« 
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If the deflection desired is the relative deflection of joints 3 
and 8 along the line joining them, the Q system to be adopted 
consists of a pair of unit forces, one applied at joint 3 and acting 
along the line 3-8 and the other applied at joint ^ and acting in a 
direction opposite to that of the unit load applied at joint 3 , 
together with any reactions which may be caused by this pair 
of unit forces. In this problem these reactions are zero. If the 
condition of distortion is the same as that in the illustration 



Fig. 15. 

just completed, the stress analysis for the effect of the distorting 
loads need not b(‘ repeated but a stress analysis must be made to 
compute the stresses Fm, which, in this example, become the 
.stresses The left-hand side of Eq. (49) becomes 

I 63 “b 1 ^8 = 1 53-8 

When the unit forces act outward, a po.sitive value for 5 3.8 
indicates that joints 3 and 8 have moved apart; while if the 
forces act inward, a positive value means that the joints have 
approached each other. The numerical solution may be com- 
pleted as follows: 

It is not necessary to include in the tabulation any members 
in which either f = 0 or F 3.8 = 0 . 



3-5 

25 

4-9.95 

+0.924 

+229.9 

5-7-9 

50 

4-9.39 

+0.308 

+ 144 6 

2-4-6 

50 

-9.68 

+0.308 

-149.1 

6-8 

25 

-9 68 

+0 924 

-223.6 

2-5 

39 8 

4-8.55 

-0.491 

-167.1 

5-6 

39.8 

-2 59 

+0.491 

- 50 6 

6-9 1 

39.8 

-2.59 

-0.491 

+ 50.6 

2-3 ! 

31 0 

H-5 34 

+0.382 

+ 63.2 


- 102. 1 
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= — 


102.1 

3 X 10^ 


-0.0034 ft. 


The minus sign indicates that, in this example, points 3* and 8 
have moved toward each other. 

19. Deflections by Castigliano’s Law. — When the distortions 
of a structure are due to the application of external loads on the 
structure, Castigliano^s law provides an expedient for the com- 
putation of deflections, provided the limitations imposed in the 
statement of the law are fulfilled. In accordance with this law, 
if the internal work in a structure is differentiated with respect 
to any particular load acting on the structure, the deflection 
of the point of application of the load considered, in the direction 
of the load, is obtained. As a general procedure, a load X, 
which corresponds in point of application and line of action to 
the desired deflection, is applied to the structure. If the load 
X corresponds to an actual load on the structure, it may be 
considered as replacing the actual load; if, however, load X 
does not coijespond to an actual applied load, it is considered as 
acting in addition to the other loads on the structure. In 
either event, the application of Castigliano’s law to the structure, 
with respect to the load X, gives the required deflection in terms 
of X; and, if, in the resultant expression for deflection, X is 
given its true value, the required deflection is obtained. If X 
has replaced an actual load acting on the structure, it is given 
the value of this load; otherwise its true value is zero. 

This method may also be used to obtain the sum of the deflec- 
tions in given directions of different points on a structure, by 
applying simultaneously loads Xa, X6, . . . at points a, 6, ... . 
In accordance with Eq. (38), one may then write 


^ dWd C M dM , , ^ C F dF , 

~ dXa ~ J El dxf^ AE 

, dWi M dM, , C F dF' 

** dXt 2 j E l dXi^^ AE dXi^^ 


S dS , 


S dS, 
G'^ 
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from which, adding, 




+ — + 
^ dX, ^ 


If it is possible to replace the forces Xa, X^, . . . , by an 
equivalent function X*, such that a unit change m X* would 
have the same effect upon moments, direct stresses, and shears 
occurring throughout a structure as would unit changes occurring 
simultaneously in each of the forces Xa, X^, . . . , one may 
write 



The replacement of two equal and opposite forces X, one 
force X acting on either side of an assumed cut at a cross section 
of a member, by the stress X in the member, furnishes an example 
of such equivalent systems. 

As illustrations of the application of Castigliano^s law to the 
determination of deflections, the following examples are given: 

1. Determine the deflection at mid-span of an end-supported 
beam with a span of 10.00 ft., E = 3 X 10^ lb. per sq. in., 
I — 100 in.^, due to a single concentrated load of 10,000 lb. 
acting downward at the center of the beam, neglecting the effect 
of shear. 

Solution . — Replace the force of 10,000 lb. by load X. The 
moment at distance x from either support is given by Xx/2, 
from which, using symmetry, 


d 


L L 

2 r(X \(x\, _ X P , . _ X 1L» _ XL’ 
^Jo U VVr"' ~ 2J5 /Jo ^ " 2L7 3 8 iSEI 
10,000 X 1,000 X 144 X 144 _ 1 . 

48 X 3 X 10' X 144 X 100 100 
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2. Determine the vertical deflection of point o on the truss 
shown in Fig. 16 due to the load acting as shown. The area of 
each member of the truss is 6 sq. in.; £ = 3 X 10’ lb. per sq. in. 

Solution . — Apply the vertical load X 
acting downward at point a. Note that, 
considering this structure to act as an 
ideal truss, no moments’ or shears are 
present, so that 





F dF 
AEdX' 


dx. 


Since the mennibers of the truss are prismatic, this reduces to 

2 FL dF 

The following tabular arrangement gives the 
steps of the solution : 


Bar 

F 

L (ft.) 

A (in.) 

dF 

ax 

FL dF 

A dX 

1-2 

- ix 

10 

-i 


2-3 1 

-V - ix 

10 

-1 

+41“ + WX 

3-1 

-¥ + iX 

12 

+1 

-W +V/A 


E6a 


2 -- 


540 


24 X 3 X 10’ 


^ ^ ^ 540 
24 ^ 64 ^ “ 24 

- -7.5 X 10-’ ft. 


X - 0 


Since the result has a negative sign, the deflection of point a 
is in a direction opposite to that of the assumed load X and is 
therefore upward. 

3. Show that if a portion of a structure is acted upon by a 
uniform load of p lb. per ft., the derivative of the internal work 
with respect to p equals the area under the deflection curve for 
that portion of the structure so loaded. 

SoliUion . — ^Let the portion of the structure loaded be divided 
into equal distances dx, and at the center of each distance dx 
apply forces Pi, Pj, . . . , at points 1, 2, ... . Then 
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+ ^2 + 


dWa , dW^ 
dPi aPi ‘ 


Multiplying each side of the equation by dx, 

5 i ax + 62 ax + • • • = _(-... 


But 61 dx + ^2 dx + * • * = A = the area under the deflection 
curve for the portion of the structure* loaded with p lb. per ft., 
and Pi = Pi dx, P2 = Pi dx, • • • , where pi, p2, • • • are 
intensities of loading through the distances dxi, dx^y . • - , 
respectively. We may therefore write 


dW, aw, 

dpi dp 


But Pi = P2 = • • • = p, SO that the series of load intensities 
pi, P2, . . . , each acting over distance dx, is a loading which 
is equivalent to a load p lb. per ft. acting over the loaded portion 
of the structure, or 

^ ^ 4. . . . = 

dp I dp2 dp 

so that, 

aw, . 

— - — = A 

dp 


A comparison of the computation of deflections by Castigliano^s 
law to their computation by the method of virtual work dis- 
closes the fact that the terms dM/dXy dF/dX, and dS/dX are 
equivalent to the functions Af^, Pg, and Sq, respectively, pro- 
vided the Q system consists of a unit load applied at the point of, 
and in the direction of, the desired deflection together with the 
reactions due to the unit load and if the limitations imposed 
in the statement of Castigliano's law are fulfilled. Under these 
circumstances the stress in any member due to a unit load is a 
measure of the rate of change in the stress of the member with 
respect to an actual applied load corresponding in direction and 
point of application to the unit load. 

20. The Williot-Mohr Method. — For planar trussed structures 
this method may be illustrated by a very simple problem, which, 
however, demonstrates all the ideas necessary for the solution 
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of any problem having to do with the deformation of a trussed 
structure so long as primary stresses alone are considered. 
Consider a frame such as that in Fig. 17a in which each joint 
is fixed in its position relative to two other joints by its con- 
nection to them b}" means of a pair of members. In this structure 
joint c is fixed in position by being connected to a and b by 
members ac and be, respectively. Joint d is fixed in position 
through its connection to joints a and 6 by members ad and bd, 
respectively. Similarly the positions of joints e and / are 
determined by the connection of each of them to two other 
joints by a pair of members. It is assumed that each of these 
members is subjected to a change of length and it is desired to 



Fig. 17. 

determine the changes in the positions of the joints corresponding 
to these changes in length. 

The problem is solved in a series of steps, each step leading 
to the determination of the movement of one of the joints. 
Referring to Fig. 17b, assume that joint a moves from a to a' 
and that joint b moves from b to b' and that these movements 
are known in direction and magnitude. Imagine that the 
connection of the members ac and be, hereafter called members 
1 and 2, is broken and that when joints a and b move, the mem- 
bers move parallel to themselves into the positions a'ci and b'ci, 
respectively. Now suppose that member 1 has an increase 
in its length amounting to A1 so that joint c, considered as the 
end of member 1, moves from ci to C| and that member 2 is 
subjected to a decrease, A2, in its length, so that joint c, con- 
sidered as the end of member 2, moves from c* to ca. Now 
consider the connection between the two members reestablished; 
the only way in which this can occur is by means of rotations 
of the two members about joints a and b, respectively, these 
joints being in their new positions a' and b^ In the distortions 
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which occur in actual structures, the movements of the joints 
are so small compared with the lengths of the members that no 
appreciable error is made if the movements of points Cz and ca 
during the rotations of members 1 and 2 are represented by 
straight lines perpendicular to the original directions of the 
members. These rotations must continue till points cz and ca 
move into a common position c'. 

Since the movements of the joints are very small compared 
to the dimensions of the structure, if one tried to represent them 
to the same scale as a sketch of the structure, either the line 
sketch would be very large or the lines representing the joint 
movements would be so small that it would be impossible to 
measure them with sufficient precision to be of value. To 
overcome this difficulty, it is customary to draw only that part 
of Fig. 175 which is shown in the polygon cciC 3 c'c 4 C 2 and this 
may be done as in Fig. 17c to any scale desired. The procedure 
is as follows: From an origin 0 draw the vectors Oa' and Ob' 
to represent the motions of the c ends of the two members while 
the members are being moved parallel to themselves; then draw 
from a' a line representing the movement of the c end of member 1 
due to the change in the length of that member and from b' 
draw a line representing the movement of the c end of member 2 
due to the change in length of member 2; these two vectors 
are shown by A1 and A2 in Fig. 17c; from the outer end of the 
vector A1 draw a line perpendicular to the original direction of 
member 1 to represent the movement of the c end of that member 
during its rotation about the a end and similarly from the outer 
end of the vector A2 draw a line perpendicular to the original 
position of member 2 to represent the movement of the c end 
of that member due to its rotation about the b end; produce 
these two perpendiculars till they intersect at c'; the vector Oc' 
represents the movement of joint c due to the movement of 
joints a and b and the changes in the lengths of members 1 
and 2. 

A repetition of this procedure applied to members ad and bd 
would lead to the determination of a vector Od' which represents 
the movement of joint d; this diagram might be drawn from 
the same pole O* as was used in finding the movement of joint c. 
If the procedure is repeated once more with reference to the 
members de and ce, a vector Oe' will be found which represents 
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the movement of joint e and it may be noted that if the same 
pole 0 is used for all three diagrams the vectors Oc' and Od' 
are already drawn when one starts the third operation. The 
procedure is repeated as many times as is necessary to find the 
movements of all the joints of the truss. Usually it must be 
assumed that one of the joints is fixed in position and that the 
axis of one of the members connected to this joint is fixed in 
direction. If it is not true that there is such a member, the 
solution as described above 'will serve to find the movements 
of the joints referred to the fixed joint and to the direction of the 
axis of the member assumed to be fixed. Under such circum- 
stances a further correction must be made to take account 
of the error made in assuming one of the members to have a 
fixed direction. 

The method may be illustrated by a consideration of the truss 
shown in Fig. 18a in which it will be assumed to begin with that 
joint a is fixed in position and that the axis of member 1 does 
not change direction. The members marked (+) are assumed 
to be in tension and, consequently, to have increases in length 
while those marked ( — ) are assumed to be in compression and 
to be subjected to decreases in length. It is assumed that 
these changes in length are known. If the changes in the lengths 
of the members are not given, they must be found from a con- 
sideration of the causes of distortion. Usually this is the applica- 
tion of a group of loads or a change in temperature for some or all 
of the members. If the stress in any member due to a group of 
applied loads be F the stress intensity in the member will be 
f = F/ A and the corresponding change in the length of the 
member will be 


where p = LfAE, If the cause of distortion be a change 
in the temperature of a member and if the coefficient of thermal 
expansion be €, the change in the length of the member will be 
AL = € At L. 

Since, in the problem under consideration, joint a has been 
assumed to be fixed in position and member 1 fi!xed in direction, 
the vector Oa' representing the movement of joint a is zero as 
shown in Fig. 186. From 0 draw a line of length A1 parallel 
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to the direction of member 1, using any scale deemed suitable; 
this vector OV represents the movement of joint h. Now use 
the procedure previously described to determine the movement 
of joint c. The details are as follows: from a' draw a vector 
A2 to represent the change in length of member 2 and at its 
end erect a perpendicular; from V draw a vector to represent 
the change in the length of member 3 and at its outer end erect 
a perpendicular which is to be produced till it intersects the 
perpendicular drawn from the end of the vector A2; this intersec- 
tion is the position of c' and the vector Oc' represents the move- 
ment of joint c. It is to be noted that the direction of a vector 



representing the change in the length of a member depends 
not only on the direction of the axis of the member but on the 
character of the change in length also. For example, in drawing 
A3, since this member is in tension the length of the member 
increases and joint c moves to the right with respect to joint 6, 
hence the vector A3 must be drawn to the right. Next, repeat 
the operation to find the point d' from the points c' and a', 
then repeat again to find the position of e' from the positions of 
points c' and d'. 

If the conditions of support are such that the initial assump- 
tions with respect to the position of joint a and to the direction 
of the axis of member 1 are actually true, the actual movements 
of the joints are shown by the vectors 06', Oc', Od', and Oc'. 
If, on the other hand, the conditions of support are such that 
member ab rotates during the distortion a correction is necessary. 
For example, suppose that this structure was supported at 
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joints a and d so that joint a was immovable while joint d could 
move in a horizontal direction only. Figure 186 shows joint d 
to have moved to the left and downward; consequently the 
assumption that the axis of member 1 was fixed in direction 
was incorrect, and there is actually a rotation of this member 
and of the rest of the structure about joint a. The correction 
to be made, therefore, is to superimpose on the joint movements 
already found movements which are the results of a rotation 
of the truss about joint a sufficient to bring joint d back to the 
same elevation as joint a. A convenient method of finding the 
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movements of the joints during such a rotation was suggested 
by Mohr and is explained in the following paragraph. 

Let the figure abced shown in Fig. 19a rotate through a very 
small angle a about the pole P. During this rotation each 
point moves along a path which, for very small angles, may be 
taken as perpendicular to the line joining the original position 
of the point to the center of rotation. The distance each point 
moves is equal to the angle a multiplied by the distance of the 
point from the center of rotation. Now as in Fig. 196, draw 
from (or to) a pole 0 a vector representing the movement, during 
this small rotation, of each point so that the movement of 
joint a is represented by the vector a"0, the movement of joint 6 
is represented by the vector 6"0, with similar vectors for the 
other joints. Connect the points a"6"c"6"(i". Since the vector 
a"0 is perpendicular to the line aP and the vector 6"0 is per- 
pendicular to the line 6P, the angle is equal to the angle 

aPb. Since, also a"0 ^ a aP and 6"0 « a bP^ 

a"0 a(^ aP 

abP ~ bP 
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therefore the triangles abP and a"fe"0 are geometrically similar. 
In like manner one may show that the triangle ocP is geo- 
metrically similar to the triangle a"c"0, the triangle cdP is 
geometrically similar to the triangle d'd"0 and the triangle 
deP is similar to the triangle d*^e'*0. It is possible, therefore, to 
state the following conclusion: 

If a rigid body rotates about a point through an angle so 
small that the movement of any point in the body may be 
considered as a linear, and if the movements of two points i 
and k in the body are plotted as vectors, Oi" and 0k'\ from (or to) 
a pole O, and if the shape of the body is plotted to scale with 
the points i" and /c" as a base, each line in this scale sketch will 
be perpendicular to the corresponding line in the actual body and 
the line joining any point in the scale sketch to the pole O will 
represent, as a vector, the movement of the corresponding point 
in the real body during the rotation. 

If this theorem be applied to the structure in Fig. 18 in order 
to find the vectors which represent the movements of the joints 
during the rotation which is necessary to 
correct the apparent vertical movement of 
joint d, the procedure is as follows: The 
vertical movement of joint d is shown in 
Fig. 20 by the vector d"0 and the vector 
showing the movement of joint a is zero so 
that a" falls on 0, the original pole for the 
distortion diagram. Construct, with the 
j)oints d" and a" as a base a figure which is 
geometrically similar to the sketch abode of 
the truss but in which every line is perpen- 
dicular to the corresponding line in the sketch 
of the truss. This figure is a"6"c"d"e". The movement of 
joint b during the rotation is shown by the vector b"0 and when 
this vector is added to the vector Ob' which represents the move- 
ment of joint b due to distortion only, the sum is the vector 6"6' 
which, therefore, represents the total movement of joint 6. 
Similarly, the movement of joint c is represented by the vector 
c"c', the movement of joint d by the vector d"d', and the move- 
ment of joint 6 by the vector e"e'. 

The solution, by this method, of a typical problem is shown 
in Fig. 21. In this solution it was assumed that joint a was 
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fixed in position and that member ab did not change direction. 
The number written on each member in the sketch of the truss 
is E times its change in length. The vector diagram a'b'c'd'e'f'g'h' 
was drawn by the method illustrated in Fig. 186; consequently 



the movement of each joint relative to a and the direction of the 
member ab are shown by the vector drawn from a' to the point 
in the vector diagram corresponding to the joint in question. 
Thus the relative movement of joint h is shown by the vector a'6'. 
An examination of the truss, however, shows that the actual 
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movement of joint h must be parallel to the surface supporting 
the right-hand shoe; consequently the assumption that the axis 
of member ab did not change direction was incorrect and a 
correction diagram must added to the Williot diagram. 
This correction diagram was drawn as follows. The rotation 
of the truss required to correct the error due to the incorrect 
assumption is about joint a and during this rotation joint h 
moves in an arc with center at a. The angular movement is so 
small that no appreciable error is made if the arc is replaced by a 
straight line perpendicular to the line ah^ in this problem a 
vertical line. This movement of joint h is represented in the 
vector diagram by a vertical vector drawn through a' and is 
SI ch that when added to the vector a'/i' representing the move- 
ment of joint h during the distortion of the truss the sum will 
be a vector parallel to the actual movement of joint h. This 
idea serves to locate the point A line is drawn through h' 
parallel to the actual movement of joint h and produced till 
it intersects the vertical vector through a'; this point of inter- 
section is /i". The vector A'V represents the movement of 
joint h during the corrective rotation and the vector a'/i' repre- 
sents the movement of joint h during distortion only; their sum 
is the vector which satisfies the conditions of support. 

The correction diagram a'6"c"d"6'7"gf"V' is now drawn using 
the points a' and h" as a base. It is geometrically similar to 
the sketch of the truss but every line in it is perpendicular to the 
corresponding line in the sketch of the truss. According to the 
theorem previously developed, the movement of any joint 
during the rotation is represented by the vector drawn from the 
corresponding point in the correction diagram to a', and this 
vector, when added to the vector drawn from a' to the cor- 
responding point in the Williot diagram, gives a vector sum which 
represents the total movement of the joint. For example, the 
total movement of joint d is represented by the vector 
which is the sum of the vectors d"a' and a'd'. The polygon 
is the deflection diagram for the bottom chord 
of the truss, the ordinates being measured vertically from the 
base line aoho. 

Usually it is advantageous to select as the joint which is 
assumed to be fixed in position one that is near the middle 
of the truss and to choose as the member which is assumed to be 
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fixed in direction one of those connected to this joint, the middle 
vertical, for example, if there be one. Such a selection would 
lead to a Williot diagram which, if drawn to the same scale as 
might be used if the procedure in Fig. 21 were carried out, would 



occupy an area much less extensive than that in Fig. 21. It is 
possible, then, to draw the diagram to a larger scale than was 
used in Fig. 21 without drawing paper whose size is unwieldy 
or to produce a more compact Williot diagram by using the same 
scale. In addition, if the truss and loading are symmetrical 
and the member assumed to be fixed in direction lies on the 
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axis of symmetry, it is necessary to draw only half the Williot 
diagram and no Mohr correction diagram is needed. This 
variation of the procedure, applied to a truss which is sym- 
metrical about a middle vertical but which is loaded asymmetri- 
cally, is shown in Fig. 22. Joint d was assumed to be fixed in 
position and member de was assumed to be fixed in direction. 
When the Williot diagram was completed, it showed that if 
these assumptions had been correct joint h would have moved 
downward relative to joint a. The conditions of support, 
however, show that the only possible movement of joint h 
relative to joint a is horizontal; therefore, the assumptions were 
incorrect and a Mohr correction diagram is necessary. This is 
carried out just as in Fig. 21. If the loading had been sym- 
metrical, the Williot diagram would have been symmetrical 
about d'e' and the movement of joint h relative to joint a would 
have been shown as horizontal. This satisfies the conditions of 
support; no correction diagram would have been necessary and 
the Williot diagram would have shown true deflections. 

21. The Williot-Mohr Diagram for a Three-hinged Arch. — In 
applying this procedure to a three-hinged arch the crown con- 
nection between the two sections of the arch is assumed to be 
broken and in each section one joint, usually the point of support, 
is assumed to be fixed in position; also one of the members 
connected to that joint is assumed to be fixed in direction. A 
Williot diagram is drawn for each section. In general the two 
Williot diagrams will show movements for the crown hinge 
which are not alike, and corrective rotations of the two sections 
are necessary. Each section is rotated about the fixed joint 
through an angle which is such as to produce, together with the 
relative deflections previously found, final deflections for the 
crown joint which are alike for the two sections. 

The procedure described above has been applied to the arch 
shown in Fig. 23. In part (a) the Williot diagram, l'-2'-3'-4'-5' 
for the left section of the arch is shown; this was drawn on the 
assumption that joint 1 was fixed in position and that member 
1-2 did not change direction. Similarly the Williot diagram 
ll'-10'-9'-8'-7'-6'-5' for the right section of the arch was drawn 
on the assumption that joint 11 was fixed in position and that 
member 11-10 was fixed in direction. This is shown ir (6). 
In these two diagrams the vectors l'-5' and ll'-5' which repre- 
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sent movements of joint 5 based on two separate assumptions 
are not alike, consequently the assumptions were incorrect. 
There must be a further movement of each section; this move- 
ment is a rotation about the fixed joint in each section, such 
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Fig. 23. 


that the movement of joint 5 during the rotation when added 
to the movement shown in the Williot diagram will produce 
identical total deflections of joint 5 in the two sections. The 
amount of this additional movement of joint 5 was found in 
(c). From point 1', 11' are drawn l'-5[ which is a reproduction 
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of vector l'-6' in part (a) and which is a reproduction of 

ll'-6' in part (6). To l'-5^ must be added a movement of 
joint 5 due to the rotation of the left section about joint 1 which 
is a movement perpendicular to the line joining joints 1 and 5. 
Similarly one must add to 11' -b^ a movement of joint 5 about 
joint 11 which is represented by a line perpendicular to the line 
joining joints 11 and 5. These two lines are produced till they 
meet at point 5"'. The total movement of joint 5 is represented 
in direction and magnitude by the line I'-S'" in (c). 

It still remains to find the total movements of the other 
joints of the structure by adding to the movements shown in 
parts (a) and (6) the movements occurring during the rotations 
of the two sections. This is done by drawing a Mohr correction 
diagram for each section of the arch. In part (a) the correction 
diagram is determined by the points 1' and 5". Of these two, 
point 1' is already known and point 5" is found from the fact 
that the final movement must be shown by the vector 5"-5', 
which, therefore, must be equal and parallel to the vector 
l'-5"' in part (c). Once point 5" has been found, the rest of the 
correction diagram is found by drawing a figure geometrically 
similar to the left section of the arch but turned through an 
angle of 90 deg. A similar procedure will serve to find the 
correction diagram for the right-hand section. 

22. The Elastic Curve as a Funicular Polygon ; Elastic Loads. — 
The elastic curve for a series of members in a truss may be 
treated as a funicular polygon, drawn for certain forces, using 
a pole distance equal to unity. These forces are called the 
elastic loads for the series of members and the condition of 
distortion under investigation. In determining these elastic 
loads it is necessary to consider two separate problems: First, 
what forces must be used to produce a particular polygon and, 
second, what are the relations between these forces and the 
condition of distortion of the structure? In many structures 
it is necessary to investigate the deflections of certain joints 
only, and in finding these deflections it is not necessary to take 
into account, directly, any members other than those forming a 
pin-jointed chain which has, as connections, the joints whose 
deflections are desired. This method of investigation was 
developed by Milller-Breslau and is called “ Mliller-Breslau's 
bar-chain method.'" 
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This method may be explained by beginning with the first 
of the two problems mentioned in the preceding paragraph 
and then considering the second. Consider Fig. 24 in which is 
shown the funicular polygon for certain forces fitj tit-\-Xf 

.... Lines ab and me are drawn parallel to the base line AA 
and md is am produced. The lines marked with corresponding 
Roman numerals are parallel. 
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In the triangles amb and mde, ab is parallel to me, am and 
md are in the same straight line, while bm and ed are both vertical; 
therefore the two triangles are geometrically similar and one 
may write 

bm _ ed 

^ m ^ »»-f- 1 

Now, bm = ym — 2/m-i and ed = cd + (Vm+i - t/m), therefore 
ym - Vm-l ^ cd (l/m+l Vm) 

^ ^ 1 ^ f9%r^ 1 

It may be seen also that the triangles mcd and pqO are geometri- 
cally similar, so that 


therefore, 

H 

If the funicular polygon under consideration is such that 
it is to be the elastic curve for a structure, the pole distance H 


cd 


H 


I ym ym—l Vm+l J/i? 


Vm+l 


(60) 
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becomes unity and the force is the elastic load to be used at 
joint m and will be designated by Wm- Also, if the base line A A 
is the line from which deflections are to be measured, the ordi- 
nates y are the deflections of the joints which, in the previous 
articles, have been designated by 5. Using this notation, 
Eq. (50) becomes 


Wm = 



— Om 


(51) 


This is the general equation expressing the elastic load for any 
joint in terms of the deflections at that joint and the two adjacent 
joints. 
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To find the relation between such an elastic load and changes 
in the lengths of the members of a trussed structure consider 
the series of members (m — l)-(m)-(m + l)-(m + 2) in Fig. 25. 
The connections between these members are assumed to be 
frictionless pins; the members are subjected to changes of length 
with consequent changes in their slopes and in the positions of the 
joints. The original position of the bar chain is fixed with 
reference to the axis OX by means of the ordinates y m—l) 2/m, 
yn,+i, etc. 

The notation used is as follows: 

Lm = length of the member to the left of joint m, 

6m = slope of that member to be taken as positive when it is 
counterclockwise from the horizontal, 

4>m = angle at joint m between members (m — l)-(m) and 
(m)-(m + 1) and is measured on the lower side of the 
two members. 

It is evident that 

t/m-l — Vm — Lm Sin 6m 

If there is a displacement of the bar chain so small that the 
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changes in the lengths of the members and the movements of the 
joints may be written as infinitesimals, 

~ dt/m = dLm sin Syn + Lm cos dm dSyn 

If both sides of this equation are divided by Xm = Lm cos 6m 
it becomes 




tan dm + ddm 


The infinitesimals dy are the vertical components of the dis- 
placements of the joints which previously were designated by 5. 
Hence, 



tan dm + ddm 


A similar relation may be written for the member connecting 
joints m and m -f- 1, thus 

^m-fl dLm-\-\ , « i Jn 

— T ^ tan dm+l + ddm^i 

A m-f 1 ^ m-f 1 

When the first of these equations is subtracted from the second, 
the result is 


~ tan tan 0^. 

Am Am4-1 J-Jm 

— ddm.+ ddm-f-l 

The left-hand side of this equation is the same as the right-hand 
side of Eq. (51); therefore, 

Wm = — tan dm + tan dm+i — ddm + de^i 

Lm Lm-\-l 


From. Fig. 25, 


4>m = 180" - (dm - dm+l) 


and, differentiating, 


d4»m = ’—ddm + ddm+l 


therefore 


w„ = tan 0„ + tan (52) 

Lm Lm^l 
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In using this equation it is to be remembered that the angles 6 
are to be taken as positive when they are measured counter- 
clockwise from the horizontal and that the fractions dLmfLm 
and dLin+\/Lm-\-i are the strains (unit) for iLj two members 
of the chain adjacent to joint m; these strains are to be taken as 
positive when they are increases in the lengths of the members. 
It should be pointed out also that these strains may be due to 
any cause whatever. If the strains correspond to a stress 
intensity / and an increase of At^ in the temperature 


dLjtn 

Lm 


-§ + .A< 


One of the properties of the funicular polygon is that if the 
pole distance is unity and if the outer strings of the polygon are 
produced to intersect the lines of action of the reactions for a 
simple end-supported beam which supports the loads for which 
the polygon is drawn and if a straight line is drawn connecting 
these two points of intersection, the ordinates from this line to 
the funicular polygon represent, to a scale which is numerically 
the same as the distance scale to which the beam was drawn, the 
bending moments for that beam. This idea makes it possible 
to obtain the funicular polygon for the elastic loads, i.e., the 
elastic curve for the bar chain, by imagining the elastic loads 
to be applied to a simple end-supported beam and drawing the 
bending-moment curve for that beam. It should be pointed out 
also that this procedure merely serves to determine the shape 
of the elastic curve and that the base line from which the bending 
moments due to the elastic loads are measured is not necessarily 
the line from which the deflections are to be measured: This 
line of zero deflections is found by drawing through the points 
on the funicular polygon at which the deflections are zero a 
line which will be the base line from which the deflections are 
to be measured. If the imaginary end-supported beam to which 
the elastic loads are applied is in the same position relative to the 
elastic loads as the real structure and if the latter is end-sup- 
ported, the line of no deflections coincides with the base line 
from which the bending moments were measured and no adjust- 
ment is necessary. 

The first two terms in the right-hand side of Eq. (52) may be 
taken directly from the condition of strain which defines the 
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condition of distortion of the structure but a little further 
explanation is necessary before one can evaluate the terms 
It is evident that the angle <t>m is equal to 360 deg. minus 
the sum of the angles of the triangles 
of the truss having vertices at joint m. 
If it is possible to compute the 
changes in the angles of these tri- 
angles, d<^m can be determined; it is^ 
in fact, minus the sum of the changes 
in these angles. These changes can 
be computed as follows: Consider 
the triangle shown in Fig. 26 and suppose that the lengths of the 
sides of this triangle change by small increments. 

c = 6 cos a + a cos 



Differentiating, 

dc = db cos a — 6 sin a da + da cos — a sin 0 dff 


Also 

therefore 

Since 


h = a sin /S = 6 sin a 
dc = db cos a + da cos — h{da + d/3) 

a + P + y = 180° 

da + d/3 = —dy 


Therefore 


h dy = dc — db cos a — da cos /3 


Dividing both sides of this equation by = a sin /3 = 6 sin a 

_ dc c db cos a da cos P 

^ c h 6 sin a a sin p 

dc b cos a + a cos P db cos a da cos /3 
c b sin a — a sin /3 b sin a a sin P 

+ (», 

Similarly the changes in the other two angles of the triangle are 
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da = (— — — ^ cot 0 + (— — cot 7 

y y y ( 53 .) 

\0 Ci/ c/ 

If the triangle i^s one of the triangles formed by the members 
of a truss and the changes in the lengths of the sides are due to 
stress intensities and changes in temoerature 



(<- 6 (^ 25 -- - 

! (D-1489 ® -14.89 © -645.1 ® -64SI ® 



Stress Intensities Totc^l Stresses 

Fio. 27. 


As a numerical illustration consider the truss shown in Fig. 
27a. It is desired to find the vertical components of the deflec- 
tions of the joints of the bottom chord. The truss is symmetrical 
about member 6-7, the loads are stated in units of 1,000 lb. and 
the numbers in parenthesis are the cross-sectional areas in square 
inches. 

Since it is desired to find the vertical deflection components 
for the joints of the bottom chord, the bar chain to be used 
consists of the members of the bottom chord. Since all of these 
members are horizontal each one has a slope ^ = 0 and the 
first and second terms of the right-hand side of Eq. (52) vanish 
leaving 

Wfn = 
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All that is necessary in computing the elastic loads is to compute 
the changes in the angles of the triangles of the truss which 
have vertices at the joints of the bottom chord. This is carried 
out in tabular form basing the computations on Eqs. (53). 


Angle 

Coefficient of cot « 

25 

cot»-3j 

Coefficient of cot 0 

000-25 

Ist 

term 

2d 

term 

E d4> 10- 

1-3-2 

-11.74-15.31 - -27.05 

-11.74- 8 21 - - 19 95 

-21 82 

-24.74 

+ 42.16 

2-3-5 

-hl3. 16- 15.31 - - 2.15 

-f-13. 16- 8.21 = 4 4 95 

- 1 73 

+ 6.14 


3-5-2 


8 21-13 16- - 4 95 

I 

- 6.14 


2-5-4 

-14 89-13 16- -28.05 

i 

-22 62 


+ 22.42 

4-5-6 

-14.89-f 3 99- -10.90 


j- 8 79 



6-5-7 


-1- 8.21+ 3.99 - + 12 20 


+ 15 13 


5-7-6 

- 3.99- 14.45- - 18.44 

- 3 99- 8 21 - - 12 20 

- 14 87 

-15 13 

+ 60.00 

6-7-9 

1 


- 14 87 

- 15 13 



Since the truss is symmetrical, d<^» = dipb and d<t>ii = d<t> 3 . 

The most convenient imaginary beam is one which has the 
same span as the truss and has the same position relative to the 
elastic loads as the bottom chord of the truss. If this choice 
is made the line from which the bending moments due to the 
elastic loads are measured is also the base line from which deflec- 
tions are to be measured. The deflections are computed as shown 
in Fig. 28. 

E 5 10-^ 6(in.) 

+94.57 X 25 = +2364 +0.946 

-42.15 

+52.42 X 25 = +1310 

-22.42 +3674 +1.480 

+30.00 X 25 = + 750 

-60.00 +4424 +1.770 

-30.00 X 25 = - 750 

-22.42 +3674 +1.480 

-52.42 X 25 = -1310 

-42.15 +2364 +0.946 

-94.57 X 25 = -2364 

0 

If the vertical components of the deflections of the joints of 
the top chord are desired, they may be found from the fact 
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that the difference between the deflections of top and bottom 
chord joints at the upper and lower ends of any vertical must 
differ by the change in the length of that vertical. For example, 

AL,_, - 0.946 in. - 3—^4 X 31 X 12 in. 

= 0.946 in. — 0.102 in. = 0.844 in. 


As a second illustration compute the vertical components of 
the deflections of the joints of 
the bottom chord of the truss 
shown in Fig. 29. 

The solution of this problem 
is carried out in the same way 
as the solution of the previous 
illustration; there is a difference 
in one detail only. This differ- 
ence arises from the fact that the 
angle 7-9-10 is an angle of a quadrilateral formed by members 
of the truss instead of being an angle of a triangle. Consequently 
it is necessary to find the change in this angle by a method which 
differs slightly from that used for the other angles. Two methods 
are available. Since the changes of the angles of a triangle 
may be computed when the changes in the lengths of its sides 
are known, it is possible to compute the change in the angle 
7-9-10 if the change in the distance 7-10 has been found, treating 






The number written on each member is its stress 
intensity in units of 1,000 lb. per sq. in. The truss 
and loading are symmetrical about member 9-10 


Fio. 29. 


the angle as one of the angles of the triangle 7-9-10. The two 
methods mentioned differ in the means adopted to find the 
change in the distance. One way is to use the law of virtual 
work to find the relative deflection, along the line 7-10, of joints 7 
and 10. This is a problem which has been explained in Art. 18 
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and needs no further explanation here. A second means is 
based on the idea that the sum of the angles 9-7-8, 8-7-5, 5-7-4, 
4-7-6, 6-7-10, and 10-7-9 before distortion is 360 deg. and must 
be 360 deg. after distortion also; in other words, the sum of the 
changes in these angles is zero. If the changes in these angles 
be expressed in terms of the strains in the sides of the triangles 
of which they are parts, the only unknown which will appear 
is the strain in the distance 7-10: this strain may, therefore, be 
computed. The equation may be set up as follows: 

cot o = = 1.0909; cot 5 = = 0.9167; 

cot 2a = 0.08712 

(+16.0 - 11.99)1.0909 + (+16.0 + 10.0)1.0909 

+ (+16.0 + 10.0)0.9167 + (+16.0 - 16.02)0.9167 + 

(- 14.0 - 16.02)1.0909 

+ (-14.0 - ^^“fiV.0909 + (o - 

\ 1 / 7-10 / \ 1 / 7-10 / 

+ (0 - 11.99)0.9167 = 0 


This becomes 

2.007GE^^^ = -2.460 
= -1.226 

\ 1 / / 7 -IO 

The computation of the changes in the angles of the triangles 
and of d<f> is carried out in the table shown on page 73. 

For each member of the bar chain, ^ = 0; therefore, Wm = 





E d 10-» 

5 (in.) 

+144.21 

X 

30 

= +4326 

+1.730 

-114.58 





+ 29.63 

X 

30 

= + 889 


+ 28.28 



+5215 

+2.086 

+ 57.91 

X 

30 

= +1737 


- 58.38 



+6952 

+2.781 

- 0.47 

X 

30 

= - 14 





+6938 

+2.775 
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An interesting variation in the details of the method is illus- 
trated in the determination of the vertical components of the 
deflections of the bottom chord of the cantilever truss shown in 
Fig. 31. The truss is symmetrical about member 6-7 and is 



loaded so as to produce in the members the stress intensities 
w^ritten thereon in units of 1,000 lb. per sq. in. Each member of 
the bottom chord being horizontal, the expression for the elastic 
load to be used at each joint of the bottom chord, used as a bar 
chain, is 

Wfn “ d<l>m 

and the computation of these quantities is carried out as in the 
preceding illustrations. The computation is shown in the table 
at the top of page 75. 



In this problem, as in the preceding illustrations, the shape 
of the elastic curve for the bar chain selected may be found by 
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Angle 

Coef. of cot a 

, 6 
cot a - j 

Coef. of cot 

6 

cot - - 

let term 

2d term 

Ed<t> 10 » 

1- 3-2 

2- 3-6 

1 

+ 16.0 + 12.0 - +28 0 
-12 0 + 12 0 - 0 0 

+ 16.0 - 16 0 - 0 0 

- 12 0 - 16 0 - -28 0 

+ 23.33 
0 0 

0 0 

-33.60 

+ 10.27 

3- 6-2 
2-6-4. 

4- 6-7 

+ 16.0 + 12.0 - +28 0 
-116 + 116- 00 

+ 16.0 + 12 0 - +28 0 

- 11 5 - 14 0 = -26.6 

+23.33 
0 0 

+ 33.60 

-30 60 

-26.33 

6-7-4 

8-7-9 


-1-14.0 + 11 5 - +26 6 
+ 12 0 + 11 0 - +23 0 

1 

+-30.60 
+ 27.60 



Coef. of cot 6 
cot 6 — 0.3260 

Coef. of cot < 

2 

, cot . - J 


1 

i 

-96.71 

4-7-6 

6-7-8 

+ 16 0 + 11 6 - +27 6 
+ 16 0 + 11 0 » +27 0 

+ 16 0 + 10 0 - +26 0 
+ 16 0 f 10 0 - +26.0 

+ 8 94 
+ 8.77 

+ 10 40 
+ 10 40 



Coef. of cot a 

5 

1 cot a - 

Coef. of cot $ 
cot = l 

1 

1 


7- 9-8 

8- 9-10 
10- 9-11 

-110 + 110- 00 
-1-14 0 + 10 6 - f24 6 

-11 0 - 12 0 - -23 0 

+ 14.0 + 10 6 ^ +24 5 

0 0 

+ 20 42 

i 

-27.60 

+ 29 40 

-22 22 

9-11-10 

10-11-12 

- 10 6 + 10 5 - 0 0 
+ 16 0 + 10 5 - +25 5 

-10 6 - 14 0 - -24 5 
+ 15 0 - 14 0 = + 1 0 

0 0 

+ 21 26 

i 

-29 40 
+ 1.20 

+ 6 95 


considering the elastic loads applied to an imaginary beam freely 
supported at the ends and drawing the curve of bending moments 
for this beam. This, however, is merely a means of determining 
the shape of the elastic curve and the base line for bending 
moments is not neccwssarily the base line from which deflections 
are to be measured. In this problem the base line from which 
deflections are to be measured is a straight line passing through 
the points on the elastic curve corresponding to the points of 
support of the truss. The determination of the deflections is 
shown in Fig. 32. 


- 22.22 

X 2 = 

- 44.44 

- 96.71 

X 3 = 

-290.13 

- 26.33 

X 4 = 

-105.32 


-145.26 


~ 339. 89 



76 STATICALLY INDETERMINATE STRUCTURES [Chap. II 


+ 6.96 X 1 = 
+ 10.27 X 5 = 

-128.04 

- 63.598 

- 64.442 


— 

63.60 

X 

25 = 

— 

10.27 




73.87 

X 

25 = 

+ 

26.33 



— 

47.54 

X 

25 = 

+ 

96.71 



+ 

49.17 

X 

25 = 

+ 

22.22 



+ 

71.39 

X 

25 = 

— 

6.95 




64.44 

X 

25 = 


+ 6.96 
+ 51.35 

6) -381. 59 
- 63.598 


-1590 

5', in. 
-0.636 

-1847 

-3437 

-1.3748 

-1188 

-4625 

-1.8500 

+ 1229 
-3396 

-1.3584 

+ 1785 
-1611 

-0.6444 

+ 1611 
000 



23. Deflections of the Joints of a Three-hinged Arch by the 
Use of Elastic Loads. — In the illustrations in Art. 22 the trusses 
were such that changes in the angles between adjacent members 
of the bar chain could be computed from the strains in the 
members of the truss. At the crown hinge of a three-hinged 
arch the relative rotation of any two members connected to the 
crown hinge is not only a function of the strains in the members 
forming the boundaries of triangles but is a function of the relative 
rotation of the two sections of the arch when they are considered 
as rigid bodies. Some addition to the theory already devel- 
oped is necessary, therefore, if one is to be able to use the 
method of elastic loads in computing the deflections of the 
joints of a three-hinged arch. This addition is a method of 
computing the change d<t> in the angle 4> between two members 
of the bar chain adjacent to the crown hinge and is based on the 
fact that the change in the length of the chord of the bar chain 
joining the points of support must be equal to whatever relative 
yielding of the supports there may be along the line joining them. 
Usually this yielding is assumed to be zero. If it is possible to 
set up an expression for the change in the length of this chord 
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in which the only unknown is the change d<t> mentioned above, 
there is an equation available from which this change may be 



Fig. 33. 


computed. In order to develop such an equation consider the 
bar chain shown in Fig. 33. 

L = 2Lm cos ~ a) 

Differentiating, 

dL = 2dLn, cos (dm — a) — 2Lm sin (dm ~ a)ddm 

Also 


J/m + Lm cos dm tan a — ^m-l = Lm Siu dm, 

)r 

T n T ^ sin (dm — a) 

ym — t/m-1 = Lm SIH dm ~ Lm COS dm taU a == Lm ^ ^ 


therefore 


dL = 2dLm cos (dm - a) ~ 2ddm cos a(t/m - Vm-l) 

For each ordinate y in the second term of the right-hand side 
of this equation there are two multipliers; for example, there 
is a product ymddm and a product — t/md^m+i. Regrouping 
the products in this second term one obtains 

dL — LdLm cos (dm Of) cos CX^ymidUm ddm-f-l} 


Using the relation 


or 


<^m = 180 " ~ (dm - dm+l) 
d<t>tn “ ddffi^i dBm 


in the last expression for dL, it becomes 

dL = 2dLm cos (dm — ot) + cos aSi/m d0m (54) 

and this equation would serve as a basis for the evaluation of 
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the change d<^ in the angle <t> at the crown hinge of the arch. 
A more convenient procedure, however, is to continue this 
development until dL is expressed in terms of the elastic loads 
and to compute the elastic load to be used at the crown hinge 
directly. From Eq. (52) 

d</>m = t^m 4- tan tan Sm+i 


Substituting this expression for in Eq. (54), 

dL = 2^*^ - ot) + cos ^mWm + tan - 


dLm-f 1 


>m-hl 


2/m tan ^m+l 


} 


= cos + ^^dLm cos - a) + 


tan e„{ym — j/m-i) cos a 


this transformation being based on a regrouping of the members 
of the last two terms of the summation. Substituting for 


dL = cos a'^ymWm + cos {dm — a) + 

tan dm L 


^dLm a r sin {dm - a) 


cos a 


cos a 


= cos a^ymWm + ^,dL4cos {dm- a) + tan 0msin {dm— a)] 


= cos 


a ^^ymWm + '^dLm 


cos {dm — Ol) + 

sin^ dm cos a — sin dm cos dm sin a 1 
cos dm J 

= cos a^ymWm + 

cos* dm cos a + sin dm cos dm sin a 

4- sin* dm cos a — sin dm cos dm sin o 


^dLm 


cos dn 


dL = COS a ^^ymWm + ^jdL. 


sec dn 


(55) 
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To illustrate the application of these ideas consider the arch 
shown in Fig. 34a. The condition of distortion is defined by 
the stress intensities which are written (in units of 1,000 lb. 
per sq. in.) on the members. 


® ® (5) -50 ® 



I ' 

-- 5 @ 20 '- J 

Cot 2.0 Cot ^*1.0 Cot 2/8'- 1 
Cot <5 = 5 Cot co= 5 
(a) 

Fio. 34. 



Deflection curve of bottom chord 
(b) 


Changes in angles 

E da = (fa - fb) cot y + (fa - fc) cot /3 


a 

U-h 

cot 6 

U-fc 

oot/3 

1st term 

2d term 

Ed4>\0-* 

1-3- 2 

- 10 00+ 9 32-- 0 68 

0 5 

-10 00- 9 32- -19.32 

0 5 

- 0 34 

- 9.66 


2-3- 4 

- 5.00- 9 32-- 14 32 

2 0 


0 

-28.64 

0 

+ 31 88 

4-3- 5 


0 

- 5 00+ 8.38-+ 3 38 

1 2 0 

0 

+ 6 76 


5-7- 6 

-10 00+ 9.32-- 0.68 

2.0 


0 

- 1 36 

0 


6-7- 8 


0 

-10 00- 9 32- -19 32 

2 0 

0 

-38 64 

+ 50 47 

8-7- 9 

-10.00- 9 32- -19 32 

0 5 

-10 00+ 8 38-- 1.62 

0 6 

- 9.66 

- 0 81 


7-9- 8 

+ 9 32+ 8 38- + 17 70 

0 75 

+ 9 32+10 00- + 19. 32 

0 5 

+ 

00 

+ 9 66 


3-9-10 


0 

- 5 00-14 14- -19. 14 

1.0 

0 

-19.14 

+ 20 68 

10-9-11 

-10 00-14 14- -24 14 

1 0 

-10 00+ 9 32»- 0 68 

0 5 

-24 14 

- 0.34 



EWa 


E d<t>„, - fra tan dm + /m+i tan 
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which 18 often more convenient is based on a consideration of the 
geometry of the elastic curve and applying the relation between 


the rate of change of slope at 
change. The basic ideas iin%y 
ACB in Fig. 35 be the elastic 
curve of part of any member 
which is bent due to any cause 
whatever and let AE he u\e 
tangent to the elastic curve 
at A, Suppose also that tan- 
gents to the elastic curve are 
drawn at the ends of an element 
of the elastic curve which has 
a horizontal proj ection dx. Let 
the curve MNO be such that 


, point and the causes of that 
be developed as follows: Let 


/dx 



Fig. 36. 


its ordinate at any point is which is the rate of change of 

slope of the elastic curve at that point. It is evident that the 
total change of slope along the section ACB is 



which may be interpreted as the area under the rate of change 
of slope curve. 

If the causes of distortion be limited to the application of 
loads and to change of temperature, the rate of change of slope 
at any point is 


do _ M A{At) dg, 
^ ~Ei'^ *~d Ite 


(56) 


where g» is the shear strain. The shear strain causes a change of 
slope of the axis of the member which occurs only when the 
intensity of shearing stress changes. The change of slope is 
clockwise when the change in the shear intensity is positive and, 
therefore, is in the opposite direction to the change measured by 
M/EL Consequently, if x is measured to the right, the rate 
of change of slope corresponding to change of shear intensity 
must be written as negative. If there is no difference between 
the changes of temperature at the two faces of the member, 
A(A/) = 0, and if the shear distortion be neglected, Eq. (56) 
becomes 
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dx “ El 


and the statement with respect to the change of slope between 
two points becomes: 

/. The change oj slope of the elastic curve between two points A and 
B is equal to the area under the M/El curve between the two points. 
This is known as the first ‘‘moment-area theorem.*'' 

When it is remembered that the distortion occurring in a 
structure is very small, it is evident that the intercept on the 
line BE between the tangents at the ends of the element dx may 
be written as x' dB and, consequently, that the distance BE is 

equal to J^x' dB and, since 

f.' d. = f X' ^ dx 

Ja Ja dx 


it is evident that the distance BE may be interpreted as the 
static moment, about an axis through B, of the area under the 
rate of change of slope curve between points A and B. When 
there is no change in temperature and when the shear distortion 
is neglected, this becomes what is known as the “second moment- 
area theorem'' which may be stated asiollows: 

II. The distance of a point B on the elastic curve of a member from 
the tangent at A to this curve is equal to the static moment about an 
axis through B of the area under the M/EI curve 
between points A and B. 

A very simple illustration of the applica- 
tion of these theorems is the computation of 
the deflection at a point on the axis of a 
simple cantilever beam carrying a concen- 
trated load at the free end (see Fig. 36). 
If only the distortion corresponding to bend- 
ing moment is considered, the elastic curve is 
tangential to the original position of the beam, the point of tan- 
gency being at the left end. Consequently, the deflection at any 
point m is equal to the static moment about an axis through m 
of that part of the M/EI curve which lies between the left end 
and the point m. Therefore 

£/««-Px'5ix + PL||x 


m I 

K L-t— -* 
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= 


«« = 


+ .0 

PL> 

ZEI 


and the slope at any point m is 


El e„ = -Px' l-P^l 

If it is desired to consider the deflection corresponding to 
shear distortion, the distance D of point B on the elastic curve 
from the tangent at A to the elastic curve must be written as 



The first term of this expression is the static moment, about 
an axis through of the MfEI area as defined under the 
moment-area theorems. The second may be interpreted in a 
similar fashion. 




= -Kx^ 


S ' 
GA\ 


where (A) s is the area under the S/GA' curve between the 
Wa' 

points A and B. In this expression Xa = 0, therefore 

f *’ d / S j 1 “So T^/ . X 
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which may be interpreted as K times the difference between the 
area of a rectangle bounded by the distance xt and the ordinate 
to the S/OA' curve just to the left of A, and the area under the 
S/0 A* curve between points A and B. If this difference is 
positive point B has moved up with reference to the tangent at A. 
It should be pointed out that Sa and the point of tangency should 
be immediately to the left of A, a suggestion which is of impor- 
tance when the shear changes suddenly at point A. For example, 
if it is desired to find the deflection due to shear at point m 
p of the beam in Fig. 36, since the 

^ rn i ^ deflection from the original posi- 

U la b tion is also the deflection measured 

u from the tangent to the elastic 

I I prp ^ Shear ^ curve at a point just to the left of 

j j Pcy I the support, and since the shear 

I at such a point is taken as zero 

in the customary analysis. 


Def\/ecfton c/ue 
/o bending 


Sr. = 


5. = 


Fio. 37. 


I ! I where the minus sign indicates 

*1^ that point o has moved downward 

I I I due tp Shear 

With respect to the tangent. 

^ ^ ^ The computation of the deflec- 

tions for points on the axis of 
an end-supported beam is not so simple since, in order to use 
the second of the theorems relative to the dB/dx curve, it is 
necessary, as a first step, to determine the position of the tangent 
to the elastic curve, the point of tangency being just outside 
of the support. The method may be illustrated by a considera- 
tion of the beam in Fig. 37. The tangent to the elastic curve 
at a point just outside of the support at A may be located by 
equating two expressions for the intercept, on the vertical 
through support B, between the tangent and the elastic curve; 
one expression is L Ba and the other is computed by applying 
the second theorem with respect to the dB/dx curve. Thus, 

r . M , , . Sa T ... V 1 


lEf 


dx 4- K\ 


-jL — (A) s 

OA' 


in which Sa is zero since it is the shear just outside of the point 
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of support. If I and A' are constant over the length of the span, 


L Oa ^ 


EILl 

Pab 

6EIL 

Pab 

6EIL 

Pab 

6EIl1 


[I + i)] - O 


(2b^ -|- 3<i?) + OL^) — 0 
(26 + a) (6 -f- a) 

(2b “h <i) 


Due to bending moment only, 

a: - + a) - X*] 


Due to shear only, 


K Pbx 
GA' L 


In both of the above expressions 6m is taken as positive down- 
ward. Computing the deflections due to bending moment and 
shear together, 

, , r 1 /P6 X x\ ^ P6 1 

a* - ea [eI\L^ 2 3/ ^GA'L^l 

- 6He1“»'’ + “> - 


The point at which the greatest deflection occurs is the point 
at which the slope of the elastic curve is zero, i.e., the change of 
slope between the end of the beam and the point of maximum 
deflection must be equal to the slope of the tangent to the elastic 
curve just outside of the support-. This change must include 
the sudden change of direction which occurs just over the 
support due to the sudden increase of shear at that point. 

26. Elastic Loads for Straight Members Subjected to Bending. 
See Fig. 38. Let ACB be the elastic curve of a section AS of a 
member which was initially straight and has been bent owing to 
any cause and let MNO be the corresponding rate-of-change-of- 
slope curve. Since 

Lr. = J] x'^' 
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Ta is equal to 1/L times the static moment, about an axis 
through B, of the area under the rate-of-change-of-slope curve 
between points A and JS. The computation of Ta is exactly 
the same as that which would be done if it had been desired to 
find the left-hand reaction for an imaginary end-supported beam 
AB subjected to a distributed load whose intensity at any point 
is ddidx. Hence one may state the following: 

If a section AB of a member which is initially straight is bent 
due to any causey and if the rate of 
change of slope at any point is dSfdXy the 
slope at one end of the section y referred to 
the chord AB of the elastic curve y is equal 
to the reaction at that end of an imaginary 
beam AB which is carrying a distributed 
load of intensity ddjdx. 

Consequently, dS/dx may be used as 
an elastic load for such members. 

In the particular case where one 
approximates by considering only the 
distortion corresponding to bending 
moment, the elastic load intensity is MjEl. If it is desired to 
include the effect of shear distortion, the elastic load intensity is 

El dx El dx\^AV) 

Further, since the slope of the elastic curve at any point, 
this slope being measured with reference to the chord AB of 
the elastic curve, is equal to the slope at the end minus the area 
under the ddfdx curve between that end and the point under 
consideration, if the dOfdx curve be considered as defining an 
elastic load on an imaginary beam AB, one may state that 

For a section AB of a member initially straight y but bent owing 
to any cause whatever y the slope at a point m of the elastic curvcy 
referred to the chord AB 0 / that curvCy is equal to the shear at point 
m of an imaginary end-supported beam AB which carries a dis- 
tributed load of intensity dBfdx, 

Carrying the analogy further, since the deflection measured 
from the chord AB of the elastic curve to point m on the elastic 
curve, is equal to To x minus the moment about point m of the 
area under the dB/dx curve between points A and m, the com- 



Fio, 38. 
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putation of the deflection 6m is exactly the same as the operation 
of computing the bending moment at point m of the imajpnary 
beam AB described above, so that one may state that 

At any point m of a member which was initially straight but 
has been bent due to any causcj the deflection of the elastic curve, 
measured from the chord AB of that curve, is equal to the bending 
moment at point m of an imaginary end-supported beam of span AB 
which is subjected to a distributed load whose intensity is dBldx. 

If the bending is due to the action of transverse loads and to a 
change of temperature which varies from one side of the member 
to the other, 


^ _ M A(AO S \ 

dx EI^* d dxV^T/ 

The last term of this expression may have magnitude either 
because of variation in the shear S or because of variation in A'. 
If the transverse load is continuous and has an intensity p 
at any point, the last term may be written as 


K±{^\ 

G d^Ay 


,K p 

^GT 


Where the transverse forces are concentrated, that part of the 
elastic load which corresponds to shear distortion must consist 
of concentrated loads, one at each point of application of a 

K P 

concentrated force on the real beam and equal to + 7 r irr 

17 A 


K d f S\ 

A distributed elastic load of intensity should be 

applied over portions of the beam where the cross-sectional area 
is varying continuously. In evaluating this term the only 


variable is A' and the elastic load intensity becomes 


KS dA' 
^GA'* dx 


Should the cross-sectional area vary suddenly, at such points 
concentrated elastic loads should be applied, of magnitude 



or + -> where Al and Ajj refer to conditions just to 

the left and just to the right of the section under consideration. 
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As an illustration consider the beam in Fig. 39a, the problem 
being to determine the curve of deflection. The curves of shear 
and bending moment for the beam are shown in Fig. 396 and c, 

respectively. At any point the inten- 
sity p, of the elastic load is 






B 


.50 

4c 


u 



1 

\Shear"> 


t 1 1 


1 

n 



-300 

1 

1 

[J9.3» 


\/7dl3 


(a) 


(b) 


(c) 


__ M ^ 

El G dx\A') 

Since 7 and A' are constant and since 
K = I, this may be written 

GA' dx 


EIp. = M - 


!m-2 




rOx' 


Fiq. 39. 


where the shear 
must be concentrated elastic loads of 


The first term of this expression is 
defined by the curve of bending moment 
and is negative because M is negative. 
The second term is zero for all points 
except at the two ends and at point B 
changes suddenly. At these points there 




= +59.375, = -178.125, 


and 



— 50) = +118.75, respectively. 


The only difference between the rest of the solution of this 
problem and the solution for the corresponding part of the 
illustration based on Fig. 31 is that due to the fact that in this 
case the elastic loading consists of a distributed load and a 
number of concentrated loads while in the former illustration 
there were concentrated loads only. The numerical solution is 

El X ISR„ = 178.13 X 6 - 59.38 X 18 + 30o|^| X | X ® 

+ ^(6 + 4)j 


EIR„ = +1200 
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EIR„ = 178.13 + 300 X Y - 59.38 - 1200 - 118J6 - 

+1500 


For 0 < a: < 12 ft. 


EH:, = -1259.38X + 25x = -1259.38a: + 


For 0 < i' < 6 ft., 

r' r' 

Elhi = -1618.75X' + 50x' 1- = -1618.75x' + ^(x')* 


X 

-1259.4X 


NI»: 

EIC 

EIS^ 

2 

- 2618.7 

-h 33.3 

-2485.0 

- 1318.7 

- 1166.7 

4 

- 5037 5 

-h 266.7 

-4770.8 

- 2637.5 

- 2133.3 

6 

- 7556.2 

-f 900.0 

-6556.2 

- 3966.2 

- 2700.0 

8 

-10075.0 

+2133.3 

-7941.7 

- 5275.0 

- 2666.7 

10 

-12593.8 

+4166.7 

-8427.1 

- 6593.5 

- 1833.6 

12 

-15112.5 1 

+7200.0 

-7912.5 

1 

- 7912.5 

0.0 

x' 

- 1618.75a;' 


EIC 

ElC 

Eli^ 

6 

- 9712.5 

+ 1800.0 

-7912.5 

- 7912.5 

0.0 

4 

- 6475.0 

+ 533.3 

-5941.7 

- 9231.2 

+ 3289.5 

2 

- 3237.5 

+ 66.7 

-3170.8 

-10549.9 

+ 7379.1 

0 

0.0 

0.0 

0.0 

-11867.7 

+ 11867.6 


If the shear distortion had been neglected, the solution would 
have been 


^ ^ M 
dx Er 


El = 1200; 


El R,c = 1500 


For 0 < X < 12 ft., 

EISJ, = - 1200x + ^x» 

D 


Els: = -1500x' + ^(xO* 

D 


For 0 < x' < 6 ft. 
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X 

-1200x 

+T** 

Ei»: 

ElC 

El 6m 

Error 

2 

- 2400 

+ 33 3 

-2366.6 

-1200 

-1166.6 

0 

4 

- 4800 

+ 266.7 

-4533.3 

-2400 

-2133.3 

0 

6 

- 7200 

-f- 900.0 

-6300.0 

-3600 

-2700.0 

0 

8 

- 9600 

4-2133.3 

-7466.7 

-4800 

-2666.7 

0 

10 

-12000 

-h4166.7 

-7833.3 

-6000 

-1833.3 

0 

12 

-14400 

4-7200.0 

-7200.0 

-7200 

0 0 

0 


For 0 < x' < 6 ft., 


x' 

1 

-ISOOx' 

.50 

Bit: 

I 

ElC 

EIi„ 

Error, 
per cent 

6 

-9000 

4-1800.0 

-7200.0 

- 7200 

0.0 

0.0 

4 

-6000 

4- 533 3 

-5466.7 

- 8400 

4- 2933 3 

-15.9 

2 

-3000 

4- 66.7 ! 

-2933 3 

- 9600 

4- 6666.7 

-16.1 

0 

0 

0.0 

0.0 

-10800 

4-10800.0 

-16.2 


26. The Conjugate-beam Method. — For the determination of 
slopes and deflections in a given beam by the moment-area 

theorems, it may be convenient to 
introduce as an expedient, the con- 
jugate beam. The conjugate beam 
is a fictitious beam of the same 
length as the given beam, but one 
which is supported and loaded in 
such a way that its shear and 
moment diagrams become identical 
with the slope and deflection dia- 
grams, respectively, for the given 
beam. 

Let A'Af'B' ih Fig. 40 be the 
unstrained position of a portion of 
any straight beam, which, owing 
to any cause whatsoever, deforms 
to the shape and position shown by the line AMB. Let 
Sa and Ba be the deflection and slope, respectively, of point A, 
measured relative to the original position of the beam as a base 
line. Using the moment-area relations, the slope at any point M 


h ^ 
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in the portion of the beam considered is given by 

1 -- X s*- 

while the deflection at point M is given by 

CM 

+ Ba{Xam) — 

It is evident that if Ba is considered as the shear in a conjugate 
beam at point A, and if 5 a is taken as the bending moment at 
the same point, and if dBjdz is considered as a loading, the shear 
and moment diagrams for this conjugate beam will be identical 
with diagrams for slope and deflection, respectively, in the given 
beam, each referred to the unstrained position of the beam. 
The same relation holds regardless of which side of the section 
is considered in computing shear and moment. From this it 
follows that the conjugate beam is in static equilibrium under 
the elastic loading dBjdx and the end slopes and deflections, 
considered as vertical force and moment-resisting reactions, 
respectively. 

At points where the deflections or the slopes of the given beam 
are known, the moments and shears of the conjugate beam must 
be made to assume those definite values; correspondence between 
zero values of these functions is of particular importance. At 
special points, such as at an internal hinge in a given beam, 
the conjugate beam must be such that its shear and moment 
diagrams correspond to the conditions of slope and deflection 
known. The choice of proper types of support for the conjugate 
beam will ensure the fulfillment of these requirements, and at 
other points on the conjugate beam the desired relations will 
then exist. 

The following procedure may be followed in the selection of 
supports and the placing of hinges and free ends on the conjugate 
beam: 

1. When the deflection at a point in a given beam is zero, a 
hinge is introduced in the conjugate beam, so that the moment 
at that point will be zero. 

2. At the end of a given beam, where the deflection may not 
be zero, a moment-resisting reaction is provided in the con- 
jugate beam, so that moment may occur at this point. 
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3. When the slope at the end of a given beam is zero, no 
vertical reaction can occur at the corresponding end of the 
conjugate beam. The shear in the conjugate beam must be 
zero at that point. 

4. At the end of a given beam where the slope may not be 
zero, a vertical reaction is provided for the conjugate beam, so 
that shear may occur at this point. 

5. When an intermediate hinge occurs at a point in the 
given beam, a vertical reaction is introduced at the corresponding 


Gi^en 4 

beom I HP ^ ^ 


Con jugate 
beam 




Given 

beam 




Conjugate 
beam HT 




ftrm 

Fio. 41. 




point in the conjugate beam. Thus equal deflections but different 
slopes on the two sides of the hinge in the given beam are shown 
by equal moments but different shears at corresponding points 
on the conjugate beam. 

Thus a simple end support for a given beam, where slope 
may exist but deflection is zero, would be reproduced on the 
conjugate beam as a simple end support, since shear might then 
have a value, but moment would be zero. A fixed end on a 
given beam, where both slope and deflection are zero, would be 
reproduced on the conjugate beam by an end hinge and the 
absence of a vertical end reaction. This amounts to leaving such 
an end free, under which condition both shear and moment 
at the end are zero. A free end on the given beam, where both 
slope and deflection may occur, may be reproduced on the con- 
jugate beam by a fixed end support, since both shear and moment 
will then be possible. 

Figure 41 illustrates the type of support to be used on con- 
jugate beams for a number of given beams. It will be noted that 
a reciprocity exists between given and conjugate beams. 

Since the conjugate beam is in equilibrium under the elastic 
loads and the end slopes and deflections considered as reactions, 
once the condition of support and location of hinges in the 
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conjugate beam have been determined, the reactions may be 
computed by statics. 

As an illustration of the use of the conjugate-beam method, 
suppose it is desired to fw^mpute 
the slope in terms of El, at point a 
on the beam given in Fig. 42, due 
to the load shown. Distortion due 
to shear will be neglected in this 
computation. The conjugate 
beam, together with the MjEl 
diagram, which in this case con- 
stitutes the elastic loading, is shown 
below the actual beam. On the 
conjugate beam, taking moments, about the hinge, of the forces 
to the left of the hinge. 


too kips 



+9V, + 


900 

El 



X 3 - 


El 

5400 


El 



X 15 = 0 


The slope at a equals the shear at a on the conjugate beam, 
which in this case is equal to 


900 9 5400 , 900 9 _ 5400 

El ^ 2'^ El ^ El ^ 2 ^ El 


In a similar manner, the slope or deflection at any point in the 
given beam may be obtained by computing shear or moment, 
respectively, at the corresponding point on the conjugate beam. 



CHAPTER III 


STRESS ANALYSIS FOR STATICALLY INDETERMINATE 

STRUCTURES 

27. Introduction. — It has been stated already that the methods 
of solution to be used to determine the stresses in statically 
indeterminate structures may be classified in two groups. In 
one group, the order of procedure is to use the redundant stresses 
or reaction components as the primary variables and to derive 
the equations which are needed in addition to the available 
equations of equilibrium as statements of certain necessary 
requirements with respect to the distortion of the structure. 
In the other group, a solution is obtained by expressing the 
stresses as functions of certain characteristics of the distortion, 
which latter are used as the independent variables, and writing 
the equations of equilibrium for the structure, thus providing 
a means of computing the distortion characteristics and, from 
them, the stresses. The discussion which follows will begin with 
solutions which fall in the first-mentioned group. 

28. The Use of the Law of Virtxial Work in the Analysis of 
Statically Indeterminate Trussed Structxires. — It is always 
possible to solve the problem of stress analysis for a statically 
indeterminate structure by using the law of virtual work as an 
expedient to enable one to state certain conditions of distortion 
which the structure must satisfy. These statements are equa- 
tions which, together with the available equations of equilibrium, 
are sufficient to define all the unknown stresses and reaction 
components. The procedure is best explained by consideration 
of a particular illustration such as the arch shown in Fig. 43. 

It is assumed that this structure and its loads lie in one plane 
and that the loads are applied at the joints only. If this be so 
there are, as unknowns to be found, 6 reaction components and 
69 bar stresses, 75 in all: the number of joints is 36, therefore 
there are 72 equations of equilibrium available. It is evident 
that there are three restraints more than are necessary for 

94 
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stability, or, to put it in another way, that there are three 
redundant stresses or reaction components. This is usually 
stated by saying that the structure is statically indeterminate 
to the third degree. 

The 72 equations of equilibrium might be used to express 72 
of the unknowns in terms of the remaining three; if, thereafter. 



some way of computing the Isist three can be found, the problem 
is solved. Suppose that the last three unknowns are the hori- 
zontal component of the reaction at A, and the stresses in the 
members bhi and cci. Let these be designated by Xo, Xb, and Xe, 
respectively, Xa to be taken as positive when it acts toward the 
left and the other two to be taken as positive when they are 
tensions. A means of determining the magnitudes of these 
three redundants may be found by considering Fig. 44. This 
structure differs from the one shown in Fig. 43 in three details ; 
The right-hand support has been made movable horizontally 
and the two members hbi and cci have been cut; at the same 
time there have been added a force Xa applied at A, and acting 
to the left, two forces Xb aoplied on opposite sides of the section 



through member 56 1 , and acting in directions such as to produce 
tension in the two parts of the member and two similar forces 
Xe applied on opposite sides of the section through member cci. 
This structure is stable and statically determinate. The 
redundants must be chosen so that the stresses in the primary 
structure, due to the known loads, or due to the redundants, 
can be computed; most frequently it is statically determinate. 
If the forces Xo, Xb, and Xe are equal, respectively, to the reaction 
component Xa and the stresses Xb and Xe which remain as the 
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last three unknowns for the structure shown in Fig. 43, the 
condition of stress in the structure shown in Fig. 44 must be 
exactly the same as the condition of stress for the structure 
shown in Fig. 43; the conditions of distortion in the two structures 
must be alike also. It follows that these three redundants must 
be such as to cause the structure in Fig. 44 to satisfy the following 
conditions of distortion: The horizontal displacement of the 
point of application of the force Xa must be equal to whatever 
horizontal movement there may be at joint A of the structure 
in Fig. 43; the points of application of the two forces Xh can have 
no movement relative to each other nor can the points of applica- 
tion of the two forces Xe have any movement relative to each 
other. If it is possible to express these three deflections as 
functions of the known loads, the proportions of the structure 
and of Xa, Xb and Xe, three equations are available, having as 
unknowns only the three redundants. It is possible, therefore, to 
compute the three redundants and, thereafter, all the other 
unknowns. 

In this illustration the law of virtual work will be used to 
express the deflection characteristics desired in terms of the 
known loads and the redundants. The stress in any member 
of the structure shown in Fig. 44, hereafter called the primary 
structure, may be expressed as the sum of the stresses caused 
by the loads and redundants separately, i.e., 

F = Fo + XaFa + XbFb + XeFc + ctc. (57) 

in which F = the total stress in any member. 

Fo = the stress in that member due to the known 
loads only. 

Fa = the stress in that member when the only forces 
applied to the structure are a unit force applied 
at A in the direction of Xa, and the reactions 
caused by this unit force. 

Ffc “ the stress in that member of the structure caused 
by a pair of unit forces applied at the points of 
application of the forces Xb, each in the direction 
of the corresponding force Xb, together with the 
reactions caused by this pair of unit forces. 

Fc = the stress in that member caused by a pair 
of unit forces applied at the points of application 
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of the forces Xe, each in the direction of the 
corresponding force Xcj together with the 
reactions caused by this pair of unit forces. 

With this understanding, the coefficients Xby and Xe in 
Eq. (57) become the magnitudes of the forces numerically and 
are pure numbers. 

In applying the law of virtual work to determine the hori- 
zontal movement of point A of the primary structure, the 
Q system to be adopted consists of the unit force applied at A 
and its reactions as described in the definition for Fa. This 
condition of loading will be called '‘condition Xa = 1.’^ The 
stresses in the members due to this Q system are, therefore, 
the same as those defined by the notation Fa and the equation 
with respect to a movement of point A becomes 

I 5a +Wa = 2Fa AL 

+ ^l^F a € At L 

+ ML (68) 

in which Wa is the virtual work done by the reactions in condition 
Xa = 1 due to any possible movement of the points of support. 
No solution will be possible unless such movements are known 
or can be found by some means not included in this particular 
problem. It should be emphasized that this equation deals 
with the distortion of the primary structure. 

Similarly, in expressing the relative deflection of the points 
of application of the two forces X^, the Q system to be adopted 
consists of a pair of unit forces acting at the points of application 
of the forces Xb each in the same direction as the corresponding 
force Xb together with any reactions due to these unit loads. 
This condition is the same as that described in defining the stress 
Fb and will be designated as ‘‘condition Xb = 1.” The bar 
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streeses it causes are the stresses The relative deflection ^ 
of the two points in question is stated by the equation 

1 «» + Fk - AL 

+ € At L 

\-X,'^F^^ + ^F,€AtL (59) 

where Wh is the virtual work done by the reactions in condition 
Xfc * 1 during any possible actual yielding of the supports. 

In the same way the condition with respect to the relative 
deflection of the points of application of the forces Xe may be 
stated as 

I >. + w.. 

+ X.'^F>-^ + '^F.,ilL (60) 


In these equations 6» is usually zero ; and 6c, each being the 
relative deflection of two points on opposite sides of an imaginary 
section across a member, must be zero; and if the points of 
support of the structure do not yield, as is usually assumed to 
be the case, Wa, W^, and Wc must be zero also. 

There is a physical interpretation for each of the summations 
in the right-hand sides of Eqs. (68), (69), and (60), which is of 
considerable interest and is important because of ways in which 
it may be used. For example, having Eq. (49) in mind, it may 

^ is the horizontal movement inward 
of point A of the primary structure when the condition of dis- 
tortion is that due to “condition X » 0.” Similarly, 


be seen that 
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is the horizontal movement inward of point A when the condition 

of distortion is that induced by ‘'condition Xa = 1/’ 

is the movement horizontally and inward of point A when the 
condition of distortion is that due to “condition Xh = and 
might be also interpreted as the relative deflection of the points 
of application of the forces Xb when the condition of distortion 
is that due to “condition Xa == 1*'; there are similar inter- 
pretations for the remaining summations. These interpretations 
suggest that the summations might be designated by 5ao, 5aa, 
dabf etc., in which the first subscript names the point whose 
deflection is under consideration at the moment and the direction 
of that deflection, while the second names the cause of the dis- 
tortion, t.e., some particular unit force or stress acting in a 
particular direction. Using this notation, Eqs. (58), (59), and 
(60) may be written in the form 

1 5a + Wa = 5a0 + Xa^aa + Xb^ob "f" Xc^ae + 5ot 

1 56 4* Wb ^ 560 + Xabba + Xbhvb + Xebhe + 56t (61) 

1 5e + ITc *= 5c0 + Xa^ca + Xb^ch + Xc^ce “b ^et 

The quantities designated by 5 in the equations above may 

be computed in several different ways. If the law of virtual 
work is used as the expedient, each one is computed as the 
summation corresponding to it in Eqs. (58), (59), or (60). This 
requires that, for the structure under consideration, four 
separate stress analyses of the statically determinate primary 
structure be made, one to determine the stresses Fo, one to find 
the stresses Fo, one to find the stresses Fb and one to find the 
stresses Fe. The analyst should note here that the labor is 
somewhat reduced because hat * 56o, ^ae * 5ca, 56c *= 5o6; this is 
to be expected since Maxwell’s law is applicable. 

Numerical Illustration 1. — Compute the magnitude of the 
middle reaction for the truss shown in Fig. 46a. The numbers 
written in () on the members are their cross-sectional areas in 
square inches; the loads are stated in units of 1,000 pounds. 
There is no 3 rielding of the supports. 

Since the structure has 12 joints, there are 24 equations of 
equilibrium available: there are, as unknowns, 4 reaction com- 
ponents and 21 bar stresses, a total of 25. The structure is, 
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therefore, indeterminate to the first degree. Let the middle 
reaction be chosen as the redundant. Since there is but one 
redundant, only one equation of the form given in Eqs. (61) 
is needed and this reduces to 

6a0 + XaSaa = 0 


which may be written as 


Xa 


in which 


5a0 



^aO 




The primary structure is shown in Fig. 45b, condition X = 0 
and the stress analysis therefor in Fig. 45c, and condition Xa = 1 
with its stress analysis in Fig. 45d. 


Bar 

L 

A 

1 Fo 10~* 

1 

Fa 

1 

o 

o 


1-3-5 

60 

25 

+30 

-0.375 

- 27.00 

+ 0.338 

5-7 

30 

25 

-1-45 

-1.125 

- 60.75 

1 + 1.519 

2-4-6 

60 

30 

-45 

-1-0.750 

- 67.50 

+ 1.125 

1-2 

50 

25 

-50 

1 -hO 625 

- 62.50 

+ 0.781 

2-5 

50 

20 

+25 

-0.625 

- 39.06 

+ 0.976 


50 

15 

0 

+0.625 

0.0 

+ 1.302 






-256.81 

+ 6.041 






2 

2 




i 


-513.62 

+ 12.082 

6-7 

40 

20 

0 

-1.000 

0.0 

+ 2.000 






-513.62 

+ 14.082 


X« 


-513.62 X 10* 
14.082 


+36.47 X 10* 


If under the loads shown the supports yield downward as 
follows: joint 1, 0.25 in.; joint 7, 0.6 in.; joint 12, 0.376 in.; 
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io + Wa “ ioO + XaSaa 


which becomes, numerically 


-1 X^ + 0.6 X 


0.25 

12 . 


+ 0.6 X 


0.376 

12 


513.62 14.082.^ 

E ■* W~'^‘ 


in which is in units of 1,000 lb. per sq. in. and Xa is in units of 



1,000 lb. From this 


Xa = 3.18 in units of 1,000 lb. 

Numerical Illustration 2. — Compute the stresses in the members 
of the arch shown in Fig. 46a due to the loads shown there and an 
increase in temperature At = +40°. c = 6.5 X 10"®; 

£ « 3 X 10^ lb. per sq. in. 

The loads are stated in units of 1,000 lb.; the numbers written 
in parentheses on the members are their cross-sectional areas in 
square inches. 

In this structure there are 12 joints; hence there are 24 equa- 
tions of equilibrium available. The unknowns are 4 reaction 
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components and 22 bar stresses, 26 in all. Therefore the 
structure is statically indeterminate to the second degree. 
Let the horizontal component of the right-hand reaction and the 
stress in member 5-8 be chosen as the redundants JC« and Xb^ 


so so so so so so 



respectively. With this choice the primary structure is as 
shown in Fig. 466. When there are but two redundants, Eqs. 
(61) become 

+ Wo * 5a0 4” Xa^aa + Xb^ab + ^ai 

ib + Wfc ~ 560 + Xaha + Xbhbb + 

For this problem h is zero and, if there is no yielding of the 
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supports, as will be assumed here, 6a, Wa, and Wt, will be zero 
also. The equations may be written as 


Xa6aa “b Xb6ab — 6a0 5ot 

Xa6ba -f" ^b6bb = 5bG Sbt 

in which 


(62) 



baa 

bat. = 


bha = 

6bt — € At^^^FbL 


Three stress analyses of the primary structure are necessary, 
one to determine the stresses Fo, one to find the stresses Fa 
and one for the stresses Ft. These are shown in Fig. 46c, 46d, 
and 46c, respectively. The summations are carried out in the 
following table. 


Bar 

L 

A 

i Fc 

\ 

Fa 

Fb 


F ’- 

FaFb ^ 

FaL 



FbL 

1-3 

34 0 

60.0 

i 

0 0 

- 1.133 

0 0 

0.0 

+ 0.727 

0 0 

- 38 5 

0.0 

0.0 

i 0.0 

3-5 

31,06 

55 0 

+ 129 4 

-1 725 

0 0 

- 126 0 

+ 1 680 

0.0 

- 53 6 

0 0 

0 0 

1 0.0 

2-4 

30 0 

20 0 

-125 0 

+0 667 

0.0 

- 125.0 

+ 0.667 

0.0 

+ 20 0 

0 0 

0 0 

0 0 

4-6 

30 0 

30 0 

-281 2 

-1 500 

0 0 

- 422 0 

+ 2 250 

0.0 

+ 45 0 

0.0 

0 0 

0 0 

1-2 

40.0 

30 0 

-150 0 

+ 0 533 

0 0 

- 106.6 

+ 0.379 

0.0 

i+ 21 3 

0 0 

0 0 

0 0 

3-4 

24.0 

25 0 

-133 3 

+ 0 444 

0 0 

- 57.1 

+ 0 190 

0 0 

+ 10 7 

1 0.0 

0.0 

0 0 

5-6 

16 0 

20 0 

- 50 0 

0 0 

-0 471 

0.0 

0 0 

0.0 

0 0 

+ 18 9 

+0 177 

- 7 54 

2-3 

38 41 

30 0 

+ 160.0 

- 0.854 

0.0 

- 174.9 

+ 0 933 

0.0 

- 32 8 

0.0 

0 0 

0 0 

4-3 

34.0 

25.0 

+ 177.1 

- 0.944 

0.0 

- 227 6 

+ 1 213 

0 0 

- 32 1 

0_0 

0 0 

0 0 



1 

1 




- 1239.2 

+ 8.039 

0 0 

- 60 0 

+ 18 9 

+0 177 

- 7.54 







2 

2 


2 

2 

2 

2 







-2478 4 

+ 16 078 

0 0 

- 120 0 

+ 37.8 

+0 354 

- 15.08 

5-7 

30.0 

50 0 

+ 281.2 

- 2.50 

-0 882 

- 422.0 

+ 3 750 

+ 1.325 

- 75 0 

- 148.9 

+ 0 467 

-26 46 

8-« 

30 0 

40 0 

- 281.2 

+ 1.50 

-0 882 

- 316.2 

+ 1 688 

- 0.992 

+ 45 0 

+ 186.1 

+ 0.584 

-26 46 

5-8 

34 0 

15.0 

0 0 

0 0 

+ 1.000 

0.0 

0 0 

0 0 

0 0 

0.0 

+ 2.269 

+ 34 00 

8-7 

34 0 

15.0 

0.0 

0 0 

+ 1 000 

0 0 

0 0 

0.0 

0 0 

0 0 

+ 2 269 

+34 00 







- 3216.6 

+ 21 516 

+0 333 

- 150.0 

+ 75 0 

+5 943 

0.0 


It should be noticed that in this particular structure there 
is no need of going through the detail of computing the summa- 
tions € MUFJj and « AtlFbL. Since the change of temperature 
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is the same for all parts of the structure and since € is the same 
for all members, the primary structure after the temperature 
change will have a form which is geometrically similar to its 
shape before the change of temperature occurred and every 
dimension wdll have increased in the ratio (1 + € Ai). Among 
these dimensions is the distance between the points of support 
which, therefore, will have become 150(1 + € M), Since 6a 
is equal to the change in the length of the span of the primary 
structqre and is positive when this length decreases, 

bat = “ISOc M 

By using the same reasoning it may be seen directly that bht * 0. 

If each side of each equation in Eq. (62) is multiplied by E 
and units of 1,000 lb. are used, the equations become 

21.516Xa + 0.333X6 = +3216.6 

+ 3 X 10^ X 6.5 X 10-® X 40(-150) 
= +3216.6 + 1170 » +4386.6 
0.333Xa + 5.943X6 = -75.0 + 0 = -75.0 

The solution of the equations shows that 

Xa = +204.2 and X6 = -24.06 
The stress in any member is stated by the expression 
F ^Fo + XJFa + X6F6 

and the evaluation of the stresses is carried out in the table 
below. 


Bar 


F . 

n 

XJF , 

XJ ", 

F 

1-3 

0.0 

- 1.133 

0 0 

- 231.5 

0.0 

- 231.5 

3-5 

- 1 - 129.4 

- 1.725 

0.0 

- 352.4 

0.0 

- 223.0 

5-7 

+ 281.2 

- 2.500 

- 0.822 

- 510.7 

+ 19.78 

- 209.7 

2-4 

- 125.0 

+ 0.667 

0 0 

+ 136.3 

0.0 

+ 11.3 

4-6 

- 281.2 

+ 1.500 

0.0 

+ 306.3 

0.0 

+ 25.1 

6-8 

- 281.2 

+ 1.500 

- 0.822 

+ 306.3 

+ 19.78 

+ 44.9 

1-2 

- 150.0 

+0 533 

0.0 

+ 108.9 

0.0 

- 41.1 

3-4 

- 133.3 

+ 0.444 

0.0 

+ 90.7 

0 0 

- 42.6 

5-6 

- 50.0 

0.0 

- 0.471 

0.0 

+ 11.33 

- 38.7 

2-3 

+ 160.0 

- 0.854 

0.0 

- 174.4 

0.0 

- 14.4 

4-5 

+ 177.1 

- 0:944 

0.0 

- 192.8 

0.0 

- 15.8 

6-7 

0.0 

0.0 

+ 1.000 

0.0 

- 24.06 

- 24 .1 

5-8 

0.0 

0.0 

+ 1.000 

0 0 

- 24.06 

- 24 .1 
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29. The Application of the Law of Virtual Work in the Analysis 
of Statically Indeterminate Structtures with Moment-resisting 
Joints. — In structures with moment-resisting joints the members 
are, in general, subjected to btjiiding moment, shear, and axial 
stress. If such a structure is indeterminate, it is possible to 
use the same general type of solution as was used in the analy- 
sis of the trussed structure considered in the previous article, 
i.e., to consider an equivalent statically determinate primary 
structure subjected to the same loads and to certain redundant 
forces and to set up equations which state that the condition 
of distortion of the primary 
structure is the same as that of 
the original structure. The pro- 
cedure is best explained by con- 
sidering a particular structure 
such as that shown in Fig. 47a. (a> 

Adopt as a primary structure 
that shown in Fig. 476. This is obtained by considering that 
the original structure is cut by a transverse section through 
the middle of the girder and that the reciprocal effects of 
the two parts on each other are replaced by the moments 
Xat the axial stresses Xt, and the shearing forces Xc- If a 
and a I are two points on opposite sides of this transverse section, 
the conditions of distortion of the primary structure which must 
be satisfied if it is to stimulate exactly the original structure are: 

o. There can be no relative rotation of the tangents, at a 
and Ui, to the elastic curves of the two parts of the girder. 

6. There can be no relative horizontal movements of points 


(b) 


Fio. 47. 


a and Ui. 

c. There can be no relative vertical movement of points 
a and Ui. 

These conditions might be stated more briefly as da = 0, 

5b *» 0, 5e — 0. 

The detail of the analysis consists of expressing these conditions 
in the form of equations and solving the equations. The equa- 
tions of equilibrium are used to eliminate from the expressions 
all unknowns except the redundants. Since there are three 
equations expressing the conditions stated above and since there 
are three redundants, the latter can be computed and, thereafter, 
the bending moment, axial stress, and shear at any point iii the 
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bent can be computed in the usual manner. There are several 
ways of setting up the expressions for the relative deflections 
6a, 6b, and 6c', in this discussion the law of virtual work will be 
used. The notation adopted is as follows: 

iVfo = the bending moment at any point of the primary struc- 
ture due to the known loads only; this condition of 
loading will be called ^‘condition X = 0.^' 

Fo = the axial stress at this point in condition X = 0. 

So = the transverse shear at this point in condition X = 0. 

Ma = the bending moment at any point in the primary struc- 
ture when the only forces acting on it are a pair of 
unit moments applied at the points of application of 
the moments Xa, each in the direction of the cor- 
responding moment Xa, and the reactions set up by 
this pair of unit moments; this condition of loading 
will be called ‘‘condition Xa = 1.'’ 

Fa == the axial stress at any point in the primary structure 
in condition Xa = 1. 

Sa = the shear at this point in condition Xa = 1. 

Mb, Fb, and Sb are the bending moment, axial stress, and 
transverse shear, respectively, at any point in the 
primary structure when the only forces acting on it 
are a pair of unit forces applied at the points of 
application of the redundants Xb, each in the same 
direction as the corresponding force X^, and the 
reactions set up by this pair of unit forces. This 
condition of loading will be called “condition Xb = 1/' 

Me, Fc, and Sc are the bending moment, axial stress, and shear, 
respectively, when the only forces acting on the 
primary structure are a pair of unit forces applied 
at the points of application of the redundants X*, 
each in the direction of the corresponding force Xc, 
and the reactions caused by this pair of unit forces; 
this condition of loading will be called “condition 
Xc = 1." 

If M, Fj and S are the bending moment, axial stress and 
transverse shear at any point of the primary structure, due 
to all causes, one may write: 

M = Mo + XaMa + XbMb + XcMc) 

F ^Fo + XaFa + XbFb + XcFc } 

S *= So “h XaSa "f" XbSb "I" XeSe J 


( 63 ) 
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in which Xaj Xb, and Xe are the numerical magnitudes of the 
redundants and are pure numbers. 

In using the law of virtual work to express the deflection 
Ba adopt a Q system which is the same as that which causes the 
stresses Afo, F®, and S®. Under these circumstances, Eq. (19) 
becomes 

1 j. + ir. - 2/ "-"h + 

+ *2 r + «2 r ^ 

in which Wa is the virtual work done by the reactions in condition 
X® = 1 if there is any yielding of the supports in the actual 
condition of distortion. Substituting in Eq. (64) the values 
of Mj F, and S given in Eqs. (63), 


1 «a + Wa = + X.Ma + X,M, + XcM,)^ 


Fa(Fo + XoFa + XtF, + 

-2] 

Sa(S„ + + X^, + X^c)-^ 

+‘2j 

I' Ma^^dx + J 

-2[J. 


+ Xa2 



■ + Jf 


;[ J + jsj!^ 


^ + ‘2 J ^ 


The first term of the right-hand side of Eq. (65) may be seen 
to be the relative rotation of the tangents, at a and ai, to the 
elastic curves of the two parts of the girder in the primary 
structure due to condition X = 0 and hence may be written as 
fiflO. The subscripts have the same meaning as in Eqs. (61). 
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Similarly, the coefl&cient of Xa may be recognized as the relative 
rotative deflection of the tangents at a and ai to the two parts 
of the elastic curve in the primary structure due to condition 
= 1; it may, therefore, be written as 6aa- In the same way 
the coefficient of Xb may be written as dab and the coefficient 
of Xe as dacf while the last two terms become 5oi. Consequently, 
Eq. (65) may be written as 

1 6a + ITa = 6a0 + Xadaa + Xbdab + Xe^ae + 6a j 


In applying the law of virtual work to develop an expression 
for the relative horizontal deflection of points a and Ui, the 
Q system to be adopted is the same as that which was defined in 
describing the stresses Mb, Fb, and Sb and the stresses this 
Q system causes are Mb, Fb, and Sb; therefore, Eq. (19) becomes 


1 6b + Wb 


+.2/ 






Mt^^pdx + € 


2J 


FiAto dx (66) 


and if one follows through the same steps as were used in develop- 
ing Eq. (65), the result is 

1 6b + ITb = 6b0 + -X^o6bo + ^b6b6 + Xedbe + 6bf 


A similar treatment with respect to the relative vertical 
deflections of p)oints a and ai of the primary structure leads to 

1 6c + ITc = 6c0 + Xadea + Xbdeb + Xe^ec + 6c| 

Thus there are three equations of the form 


16a + ira- 
1 6b + ITb = 
1 6c + ITc = 


6o0 "f" Xadaa “f" 
6b0 + -X’a6ba + 

6e0 + Xadca + 


Xbdab “f" Xcdae 
Xbdbb + Xcdbc 
Xbdeb + Xcdce 


+ 6al 

+ 6bi (67) 

+ det 


which are of exactly the same form as Eqs. (61). In this struc- 
ture 6o, dbf and 6c are seen to be zero and if there is no yielding 
of the supports, Wat Wbt and Wc must be zero also. If some 
yielding of the supports occurs and it is not possible to express 
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this yielding as a function of the known loads and the redundants 
it is necessary to make arbitrary assumptions as to the possible 
magnitudes of the yieldings and to investigate the effect of these 
on the stresses in the strvLcturc. It mignt be noted that if the 
arrangement of the structure were such that no bending moment 
or shear could occur in any member, Eq. (65) and its companions 
would be exactly the same as Eqs. (58), (59), and (60) which 
were developed for trussed structures. 

Numerical Example 1. — Compute the magnitude of the 
middle reaction for the beam in Fig. 48a due to the loads shown 


and to a change of temperature 
which is the same at all cross sec- 

^ 


r 

tions of the beam but varies line- 

1 

arly from M = +40°F. at the top 

—*+<■5 ’>+^-*5 - 
• 1 

1 1 

1 1 

to = +10®F. at the bottom. 

1 ' 


1 

The loads are stated in units of 

1 

1 

! 

[so 1 

1,0001b. The beam is a 24-in. 


Cono/ii^^'on X'( 

]6Z6 

1 79.9 lb, ; / = 2,087 in.^ Assume 

t- 

1 

17— 

Condition Xq* 

X.W) 

1 ias 

that the shear is uniformly dis- 

tributed over the area of the web 
(A' = 12 in.2). E = 3 X 10^ lb. 


Fig. 48. 


per sq. in. Compute separately the effects of the loads and the 
change in temperature. 

This stnlcture is statically indeterminate to the first degree. 
Let the redundant chosen be the middle reaction. The primary 
structure is shown in Fig. 486, condition X = 0 in Fig. 48c 
and condition = 1 in Fig. 48d. Since there is but one 
redundant, Eqs. (67) reduce to 


1 5o + IFo = 5o0 + Xa^aa + 5ot 


in which both 6a and Wa are zero if there is no yielding of the 
supports. This condition will be assumed here. If the effects 
of the loads and temperature change be computed separately, Xa 
being the effect of the loads on the middle reaction while Xat 
is the effect of the change of temperature 


6a< 


X. 


Xat 
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Since there is no axial stress, 


8.0 = mm 0^ + 2 

= ;^{J]'°(47.3x)(-0.5i)dx 

+ f *[47.Sx - 50(i - 10)] i-0.5x)dx + f (62.67a:) (-0.5i)dx + 
Jio Jo 

J^"[62.67i - 60(x - 7)](-0.5x)dx| + J] 47.3(-0.6)dx + 

r^*(-2.67)(-0.5)dx + f (-2.67)(+0.6)dx + 
Jio Jo 

(-62.6)(+0.5)(ixj 


El 


El 5.0 = -45,868 + ^(-460) 

El _oe v 2087 X 12-« _ 

A'G ^ 12 X 12-’ ^ 

El 5.0 = -45,868 - 1,444 = -47,312 

2 r*® 2 r*® 

"mjo 

El Sao = 0.5 X + 0.5^ X 15 = 562.5 + 23.6 = 586.1 
X.= - Si = +SI^ = +80.70 in units of 1,000 lb. 

^<KI vOU.l 


If the effect of shear distortion is neglected, 

El 6ao - -45868, El Baa = 562.5, Xa = +81.54 

The error involved in this approximation is but 1 per cent. This 
is typical of the magnitude of the error due to omitting the effect 
of the shear strain in the solution of such problems and it is 
customary to make this approximation. 
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To find Xah 

. A(A<) f-. . 

Sat = - - I Ma dX 

= ~ X 2j^^\-0.6x)da; 

= -30«(-0.5)112.5 
= +0.010970 

_ _EI Sat _ 0.010970 X 3 X 10‘ X 12* X 2087 X 12-* 

El Saa 586.1 

= —8.14 in units of 1,000 lb. 

Neglecting shear distortion, 

X„t - -8.48 


in which the error due to neglecting shear distortion is four per 
cent. 


too 




JOO 


' *1 /, •zooo'‘* 

~T 




Wso"^ 


0 

0 

X 

0 

X 





Primory 


Condition X«0 

i^]A2‘30 114 


, structure , 

S 9 



'FiAed' 


(a) 


-5, 


Condition 

(d) 




(b) 

^ 

Conditionltt^^l 

(e) 

Fig. 49. 


fc) 

Condition 

(f) 


Numerical Example 2. — Compute the bending moment, axial 
stress, and shear at mid-span of the girder in the bent shown in 
Fig. 49a due to the load shown. Neglect the effect of shear 
distortion. 


1 da W a ^ daO “I" daa “f" Afr 8ab A<. doe 

1 ^6 + Wb = dbO + Xa dba + Xh dbb 4* Xc dbc 

I de + Wc = dcO + Xa dra + Xh dch + Ac dec 

In this structure 6a = ^6 = 5c = 0; assuming that the points 

of support do not yield, W„ = Wb — We = 0 also. 
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Sao = 2 2^“^* 

-u 


(+1)1 -100(1 - 2) Ida; + 


IQOf 10* - 2* 

£/,[ 2 


ifil 

■ IT, 


j_ r 

Eijo 


X 15 


(+l)(-800)da: 
3200 12000 


Eh Eh 


- 2 /"‘"•H + - ff,X"<-*)(-800)dx 


, 800 ^ 16* _ , 90000 
'^Eh ^2 ■’■£:/* 

3«o = 2| 

= (-x)[-100(i - 2) Ida; 


+ 100 


Eli 
10 * - 2 * 


200 


10)(-800)dx + 
10* - 2*' 


15 


+ 


Eh 


= JLf 
EhV 

23467 120000 1500 

Eh Eh AtE 

*“ = 2 j^j| 7 + 2^4 

20 , 30 
Eh Eli 

«a6 = 2 "" IT^X 


AiE 

8000 


(-!)(- 100) 
1500 


X 16 + 


AiE 


( + 1)(— a;)dx 


225 

Eh 


«« - 2 £/iX 


+ 


j_r'° 

£/.Jo 


(+l)(+a;)dx + 


16 


(+l)(-10)da; 


+ 


40 


(+l)(+10)da; - 0 
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L 

AE 


2 

Wi 




2250 

* mr • 


20 


Eh 


AiE 
dx 


L 

‘AE 


su = + 2 ^^^' 

1 r* 1 f’® 

»- - 2jj^i7+ 2^:^ - wjy'^+w.r^'x^ 


2 X 15, _ 2000 3000 , 30 

■*■ AtE ’ ZEh Eh AiE 


The equations can be handled more conveniently if each side 
of each equation is multiplied by Eh or Elt than if they are 
left in the form given at the beginning of the solution. Mul- 
tiplying both sides by Eh leads to 


35^. - 225X6 = ■fl2800 
-225X„ -I- X6(2250 + = -90000 


X.(l66.7 + 3000 + 30^^^’ 


S*)-- 


5866.7 - 120000 

,500 X 12-« 


- 1500 


30 X 12-* 


From these 


126040 

3170 


-39.76 


X. 

X6 


-f 35 
-225 

- 225 
+2260.9 

+ 12800 

-90000 +10650 - 225X6 - +12800 

Xb * —9.555 

- 22.49 

+ 225.0 

- 8994 

+ 12.61 


+ 3806 X, - +304.2 


X, - +304.2 



114 STATICALLY INDETERMINATE STRUCTURES [Chap. Ill 


If the distortion due to axial stress is omitted in the solution, 
the result is 


Xc 


125867 

3166.7 


-39.74 


1 

Xa 



-h 35 

- 225 

+ 12800 

-226 

+2250 

-90000 

- 22.5 

+ 225 

- 9000 

-h 12.5 

1 

+ 3800 


+ 10640 ^ 225X6 = +12800 
Xb = -9.599 

Xa = +304.0 


The difference between these results and those obtained before 
is negligible. 



(a) 


Fio. 60 . 


(b) 


30. Use of the Elastic Center. — The labor involved in the 
solution of a structure such as the bent just considered may be 
decreased considerably by proper selection of the redundants, 
particularly if one makes an approximation by omitting from the 
computation the effects of distortion corresponding to the axial 
stress and shear. If the redundants could be chosen so that 
bah = 0, bac = 0, and bhc = 0, not only would the necessity for 
evaluating them disappear^ but the three equations which, 
in the last illustration, were solved simultaneously would become 
equations each of which contained but one unknown and which 
could, therefore, be solved independently. To demonstrate 
how this objective may be attained, consider the bent in Fig. 50a 
in which the location of any point on the axis of the bent is 
defined by its coordinates measured from a pair of axes OX 
and OY. As a first selection choose the redundants as shown in 
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Fig. 506. Neglecting the distortion corresponding to axial 
stress and shear, 


5 


aa 




in which Ma is positive at all points for which y is positive and is 
negative at all points for which y is negative; ds is any element 
of length measured along the axis of a member. If ds/EI is 
called the elastic weight of tho element whose length is ds, the 


quantity 




ds 

w 


may be interpreted as the moment of 


inertia, about the axis parallel to Xa, of the elastic weight of the 
structure. Similarly, 


^66 = 




which may be interpreted as the moment of inertia, about the 
axis parallel to Xh, of the elastic weight of the bent; 




which may be interpreted as the total elastic weight of the bent ; 

which may be interpreted as the product of inertia of the elastic 
weight of the bent referred to the axes parallel to Xa and X^j 
respectively; 

which may be interpreted as the static moment, about an axis 
parallel to Xa, of the elastic weight of the bent; 

which may be interpreted as the static moment, about an axis 
parallel to Xh, of the elastic weight of the bent; 

««0 = 
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which is the sum of the static moments, about an axis parallel 
to Xaj of the areas under the Mo/EI curves for the various mem- 
bers of the structure, each being assumed to be drawn so that 
the centers of its ordinates lie on the axis of the member; 

which is the sum of the static moments, about an axis parallel 
to Xhf of the Mq/EI areas for the members of the structure; 

5.0 = = 2 J 

which is the sum of the areas under the Mo/EI curves for the 
members of the structure. 

It is evident that, if the origin of coordinates, which is also 
the point of application of the redundant forces, is placed 
at the center of gravity of the elastic weight of the structure, 
the static moment of the elastic weight of the structure about 
each of the coordinate axes must be zero; consequently, = 0 
and dbc = 0. If, in addition, the structure has an axis of sym- 
metry, the product of inertia about the coordinate axes must 
be zero, so that Sab = 0. When the redundants are selected 
in this way their effect will be transferred to the actual structure 
in the same manner which would occur if their points of applica- 
tion were connected to the structure by a pair of rigid arms. 
If the effect of the redundant forces on the bending moment at 
any point in the structure is designated by Afr, 


Mr = XaV + Xa + Xc 

5o0 SbO SeO 


{M,)ozy {M/)ovX Wo^ 

/* ly Pe 


in which (Af,)o» is the static moment of the Mo/EI areas about 
the X axis, (Af.)ov is the static moment of these areas about the 
Y axis, and Woe is the sum of these areas, while I x and ly are the 
moments of inertia of the elastic weight of the structure about 
the X axis and Y axis, respectively, and P, is the total elastic 
weight. This expression is the same in form as the familiar 
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expression 


. _ P Mxy MyX 

^ I. ly 


which states the stress intensity at any point in the cross section 
of a column due to the application of an eccentric load. It is 
evident, therefore, that if the axis of the bent represented the 
axis of the cross section of a column and tiie thickness of the 
column section at any point was 1 El for the actual member 
of the bent at that point, also if the axial load applied to the 


too 



^ ”>j<- 

r“ 

■ 1 ,- 2 , 000 ** ' 


<-■■ 1 ^. 500 "*-^ 

K 

T7 'T 


<a) 


-EL 


2EI 


Xa 

<b> 
Fig. 51. 


f Elastic C.6. 

Tvo 


[ 

iMc 


tool I 

_Ll. 




^-600 


(c) 


column is represented by the Mo/ El curves for the various mem- 
bers of the bent, that the bending moment at any point in the 
bent due to the redundant forces only can be computed as the 
stress intensity in the analogous column section just described. 
To find the total bending moment one must add to the bending 
moment so computed the value of Mo at that point. This idea 
was suggested by Professor Hardy Cross and was called by him 
the column analogy."^ 

As an illustration of the solution when the redundants are 
selected as suggested above, consider again the bent of Fig. 49, 
but let the redundants be applied at the center of gravity of the 
elastic weight of the bent. The primary structure is shown in 
Fig. 516. 

To find the elastic center of gravity 

EliP. = i X 20 + 2 X 15 = 35 
4 

225 

35yo = 2 X 15 X 7.5 = 225; 2^® = ^ = 6.429' 

* Univ. Illinois Eng. Exp. Sta., Bull. 215; Cross and Morgan’s “Continu- 
ous Frames of Reinforced Concrete"; “Structural Theory and Design," by 

Sutherland and Bowman. 
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Jbli Saa — It 


^ X 6.429* + 2 X 16^^ + 1.071*^ 


= 206.6 + 596.9 = 803.52 

on on* 

£//* 5n, = /» = ^ X ^ + 2 X 15 X 10* = 166.6 + 3000 = 


3166.7 

Eli 6ce = 35 

Eli 5.0 = -200 X I X 6.429 + [-800 X 15(- 1.071)] 

= -5143 + 12857 = +7714 

Eli 560 = (-200 X 1 ^ 1 ^ -(2 + I X 8^j + (-800 X 15)(-10) 
= +5866.7 + 120000 = +125867 
Eli 5.0 = -200 X I - 800 X 15 = -12800 


V — 

El 2 6a0 

7714 


Eh ~ 

803.5 


El 2 ^bO 

125867 


EI 2 dbb 

3166.7 

•wr 

El 2 5co __ 

, 12800 

Xc — 

Eh 5.. 

+ 35 - 


-9.601 

-39.74 

+365.71 


At mid-span of the girder 
F = -9.601 
S = -39.74 

M = +365.71 - 9.601 X 6.429 = +365.71 - 61.71 = +304.0 
These results are the same as those obtained by the previous 
analysis. 


Y 



If the structure has no axis of ^symmetry the procedure just 
explained must, in general, be altered. In considering the 
necessary changes the effect of distortion corresponding to axial 
stress will be taken into account. Consider the primary structure 
shown in Fig. 52. Let the position of the axis of the structure 
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be defined with reference to a pair of coordinate axes of which 
the Y axis is vertical and the X axis is inclined at an angle a to 
the horizontal. Let the position of any point (x^y) be defined by 
its perpendicular distances from the two axes, these distances 
being positive to the right and upward. Let the slope of the 
axis of the structure at any point be 6 which is measured counter- 
clockwise from the X axis. The redundants are applied at the 
origin of coordinates. Since 



in which F* = 0 

and will vanish if the X axis passes through the center of gravity 
of the elastic weight of the structure. Similarly, 

in which the second term is equal to zero, therefore 
3kc = 2 

which vanishes also if the Y axis passes through ttie elastic 
center of the structure. 

For 

= 2j2^'"^ + 2j cos (180» - 0) sin jl80-((? + a))^ 

= 2 + 2 J - ^ 

In order to determine the magnitude of the angle a which will 
make dab vanish, express y and 6 in terms of yi and di which are, 
respectively, the ordinate to the point (x,y) and the slope of the 
axis of the structure referred to a horizontal axis through the 
elastic center. 


yi = y sec a + X tan a 
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or 


y — Vi cos a — a: sin a 
^ — a 


therefore, for dab — 0 

2 J *(yi cos a - I sin a)^ — 2 j cos (fli — a) sin = 0 


cos 




j?/ 


«2J 


cos sin ~ sm 


,in= - 0 


sin a 

tan a[2 + 2 J 


tan a 


2J 


a a 

sm 01 cos 

2J 

+ 2 

J 


( 68 ) 


If distortion due to axial stress is neglected, the second terms 
in both numerator and denominator of the right-hand side of 
Eq. (68) vanish. 

It might be pointed out here that Eq. (68) is valid also if 2/2 
is substituted for j/i and the ordinates yz are measured vertically 
from the X axis. 

There is no advantage to be gained by the use of inclined axes 
in the solution of bents such as have been considered in the 
previous illustrations, but the selection of the elastic center 
as the origin of coordinates and point of application of the 
redundants will always eliminate some of the labor involved in 
the solution. In the analysis of hingeless arches, however, 
particularly when it is desirable to draw influence lines for stresses 
in the arch, it is expedient to choose the elastic center as the 
origin of coordinates and the principal axes of the elastic weight 
of the arch as the axes of coordinates. These principal axes 
will be perpendicular to each other if the arch is symmetrical 
but will be inclined to each other at some angle other than 
90 deg. if the arch is not symmetrical. 
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31. Application of Castigliano’s Law in the Analysis of Stati- 
cally Indeterminate Trussed Structures. The Theorem of Least 
Work. — Articles 28 and 29 deal with a method of analyzing 
statically indeterminate structures which is based on the investi- 
gation of equivalent statically determinate primary structures 
subjected to the same loads as the original structures and to 
certain redundant forces, the latter being such as to ensure 
that the condition of strain and, consequently, the condition of 
stress in a primary structure should be the same as in the original 
structure to which it is equivalent. The equations which are 
needed in addition to the equations of statics were based on the 
necessity of satisfying certain conditions of distortion in the 
primary structure; in the articles mentioned the law of virtual 
work was used as an expedient to enable one to set up expressions 
for the characteristics used to define the condition of distortion. 
A second expedient which may be used as a basis for such expres- 
sions is provided by Castigliano^s law. For example, in the struc- 
ture of Fig. 43, using the primary structure shown in Fig. 44, 
the condition that the horizontal movement of point A of the 
primary structure must be equal to any horizontal yielding 
that may occur at point A of the original structure may be written 
as 


dWa 

dXa 


= Sa 


in which Wd is the strain energy for the primary structure when 
it is subjected to the given loads and to the redundants, and 8a 
is any possible movement inward of point A of the original 
structure. If such a movement should be outward, 8a must 
be taken as negative. In a similar way, the condition that 
there can be no relative movement, along the line 66 1 , of the 
points of application of the two forces Xt may be written as 

dX, 


and the condition that there can be no relative movement of the 
points of application of the forces Xc can be written as 
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If point A does not yield, each of the three partial derivatives 
is zero; in such circumstances one may make the following 
statement: 

In a statically indeterminate strudure^ providing that there is 
no yielding of the supports and no change of temperature^ the 
redundants must he such as to make the strain energy a minimum. 

This is known as the theorem of least work. 

If these ideas be used in finding the redundant reaction Xa 
of the truss in Fig. 45a, the yielding of the supports being zero, 
the solution is as follows: Since 



and 




2AE 


aWi dF 

dXa ^AEdXa 


The solution requires only the evaluation of this sununation and 
the solution resulting from equating this summation to zero. 
The details follow (see Fig. 53). 


Bar 

B 

B 

F 

dF 

dXa 

FL dF 

A dXa 

1-3-5 

60 

25 

+30 - 0.375Xa 

-0 375 

- 27.00 + 0.338X. 


30 

25 

+45 - 1 . 125J!r. 

-1.125 

- 60.75 + 1.519X. 

2-4-6 

60 

30 

-45 +0.750Xa 

+0.750 

- 67.50 + 1.125X. 

1-2 

50 

25 

-50 + 0.625X. 

+0.625 

- 62.50 + 0.781Xo 

2-5 

50 

20 

+25 - 0.625Jr. 

-0.625 

- 39 06 + 0.976X« 

5-6 

50. 

15 

+ 0.625X0 

+0.625 

+ 1.302X« 






-256.81 + 6.041X. 






2 






-513.62 + 12.082X. 

6-7 

40 

20 

- l .OOOXo 

-1.000 

+ 2.000Xa 






-513.62 + 14.082X. 


14.082X. - 513.62 » 0 
X, - +36.47 


If the middle point of support yields | in. under the loads 
pven, the conditions are not those in which the theorem of 
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least work is valid, but the application of Castigliano's law leads 
to 



FL dF 

AE dXa 


1 . 


gm. 


the negative sign indicating that the displacement of the point 


-4S^a7SXa -45^O.7SX0 



of application of Xa is in a direction opposite to that of Xa. 
For these circumstances, 

-513.62 + 14.082A'„ = X E 

ViO 


in which E must be written in the same force units as were used 
for the loads and the same area units as were used for the cross- 
sectional areas of the members. In this illustration these units 
are 1,000 lb. per sq. in.; therefore, JS = 3 X 10^ and 


14.082Xa = +513.62 - 30,000 = +201.12, 

yo 

Xa = +14.22 in units of 1,000 lb. 

As an illustration of the application of Castigliano’s law to a 
trussed structure which is indeterminate to the second degree, 
consider the structure shown in Fig. 46a. If there is no yielding 
of the supports and no change in temperature. 


dW, 

dXa 


= 0 , 



i.e., the theorem of least work is valid. These two equations 
become 



FL JF 

AE dXa 


= 0 , 


"S^FL dh 

^AEdXi 
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The stress analysis for the primary structure is shown in Fig. 54. 
Since the truss and the condition of stress are symmetrical 
about a vertical mid-axis, only half the structure need be shown. 



Xa 

X. 


21.515 

0.331 

-3216.0 

0.331 

5.939 

+ 75.1 

0.331 

0.005 

- 49.49 


5.934 

+ 124.59 


21.515X, - 6 9 - 3216.0 - 0 
X. = +149.8 

Xt = -20.99 


If it is desired to determine the effect of temp)erature change 
on the magnitude of the redundants, Castigliano^s law as stated 
in Art. 15 is not applicable and one must revert to Eq. (39). 
When the structure is an ideal truss, as this is assumed to be, 
the last term in the right-hand side of the equation vanishes. 
If, also, there is no yielding of the supports, the term dWr/dPm is 
zero and the equation becomes 



dF 

dXc 

dF 

dX^ 


Aio dx = 0 


Afo cte = 0 
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which, for this particular case, become 



FL dF 
A dXa 


+ Et 



0 


2 FL dF , „ dF ^ 


The first term of the left-hand side of each of these equations 
is the same as the corresponding term in the previous problem 
except that the numerical term is omitted. The last terms in 
the left-hand sides are evaluated in the table which follows. 


Bar 

L 

1 dF 

1 dXa 

dX. 

dF 

dXi 

dXfc 

1-3 

34.0 

-1.133 

- 38.53 


1 

3-5 

31.05 

-1.725 

- 53.56 



2-4 

30.0 

-fO.667 

+ 20.0 



4-6 

30.0 

-hi. 50 

-h 45.0 



1-2 

40 0 

-hO 533 

-f 21.33 



3-4 

24.0 

-f 0 444 

-h 10.67 



6-6 

16.0 

0.0 

0.0 

-0.471 

- 7.53 

2-3 

38.42 

-0.854 

- 32.80 



4-5 

34.0 

-0.944 

- 32.11 



6-7 

34.0 

0.0 

0.0 

-fl.O 

-h34 0 




- 60.00 


-h26.47 




2 


2 




-120.00 


-h62.94 

6-8 

30.0 

-hi. 50 

-f 45.00 

-0.882 

-26.46 

5-7 

30.0 

-2 50 

- 75.00 

-0.882 

-26.46 




-150.00 


+ 0.02 


For A/o ~ “|-40°F. 


Et Afo^^L = 3 X 10‘ X 6.5 X 10-« X 40(- 150.0) 

= —1,170 in units of 1,000 lb.; 

Et = 0.0 

Owing to temperature change alone the redundants are defined 
by the equations 
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2L515Xa + 0.331X6 « +1170 
0.331Xa + 5.939X6 « 0 


which lead to the solution 

Xa = +54.41, 


Xt = --3.03 


32. Application of Castigliano’s Law to the Analysis of Stati- 
cally Indeterminate Structures with Moment-resisting Joints. — 

The analysis of a statically indeterminate structure with moment- 
resisting joints by the use of Castigliano^s law follows the same 
general procedure as that given in Art. 29, but differs in detail 
owing to the fact that the expressions for the relative deflections 
of points in the primary structure are based on Castigliano^s 
law instead of the law of virtual work. The method is best 
explained by consideration of a particular problem; the illustra- 
tion used will be the structure shown in Fig. 47o; the primary 
structure and redundants will be as shown in Fig. 476. The 
conditions of distortion which must be satisfied are: 

a. There can be no relative rotation of the tangents, at a 
and ai, to the elastic curves of the two sections of the girder; 
using Castigliano^s law as a basis, this condition may be written 


in which 

6. There can be no relative horizontal movement of points 
a and ai, which may be expressed as 


c. There can be no relative vertical movement of points a 
and ai, which may be written as 

= 0 


It is evident that the theorem of least work is applicable to 
this structure. 
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The analysis of this structure carried out in Art. 29 demon- 
strated that there was no appreciable error in the approximate 
solution in which the distortion corresponding to axial stress 
and the distortion corresponding to shear were neglected. 
Such an approximate solution will be used here. Article 30 
demonstrated also that some advantage was to be gained by 
selecting the redundant stresses so that they were applied at the 



Fig. 55. 


elastic center of the structure. In order to make use of these 
ideas the primary structure will be as shown in Fig. 556. 

EI^P. = ^ X 20 4- 2 X 15 = 35 

35yo = 2 X 15 X 7.5; yo = y = 6.4286 ft. 

The equations are: 


dWa 

dXa 

dWn 

aXfc 

dWi 

dX. 


2J 

2J 


El dXa 


dx = 0 


M dM, 

El “ 


M ^ 

El dX. 


dx = 0 


If both sides of each equation be multiplied by Ehy they are 
as follows: 
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2Vyo X 10 


.^2^^ X 10 + 2 X 16^ + 

+ 2 ^/0 - (-^5 4- 0 ) 

_ ioo^(!»!^ - 2 X s) - 


- 2 X 8 - 800 X 15 = 0 


X„(35) + Xt(.5yo + 30yo - 225) = 25 X 32 - 12,000 


35Za + 35 X 


*(3 


45 


0 


225 ) = 12,800 


Xa = = 365.71 

«55 


+ X,yo - X^]y„ dx + £\x. + X,yo - X^ 


+ 


^yo 

J(“ 


^10 

Jo ' 


- 100(x ~ 2)]yo dx + I [Xa + XhVo + Xex]y^ 


/o 


16+».) 


[Xa + X^y — lOXa - 800]y dy 


+ 




i: 


X 10 + 2' 


15+yo) 

yl - (-15 + yo)^ 


[X. + Xky + 10Xc]y dy = 0 


+ 

L ^ 1 


yl X 10 


10* — 2* 

yo- --o - - - 2yo X 8 


_ 800 ^ ° ~ = 0 
A 

Xa(5yo - 225 + 30yo) + X»(^^ = 25 X 32j/o 

+ 400(-225 + 30yo) 


Hf. 


^ - - 0 “ 


[Xa + X,yo - X.x](~x)dx + [Xa + X,yo 


— XeX “ 100(x — 2)](--x)dx 4- 


+ 


(-] 


X 


nio 

X ' 


10 ^ 
[X„ + X,yo + X.j;](+x)(iEV 


J 


16 + 1 /.) 


+ 


Xa + X»y - lOXa - 800](-10)dy 


r(+v 

J(-16+»,)' 


l-X^o + XhV + 10Xc](+10)dy = 0 
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^4! 


X + 2 X 100 X 16 


9^ 

3 


^ __ 2 IO' ““ 22 


Xc = - 
Xc = 


2 

377600 


+ 8000 X 16 » 0 


3 

-39.76 

33. Members with Restrained Ends. — ^Let the member AJS in 
Mg. 66 be subjected to transverse loads and to restraining 

moments Ma and Mb at A and J9, 
respectively. A'C'B' is the elas- 
tic curve. Let To and n be the 
(a) slopes, referred to the chord 
A'B\ of the tangents to the elas- 
tic curve at A and 5, respectively. 
The curve of bending moments 
is shown in Fig. 666. Let any 
^ ordinate to the bending moment 
(c) curve be divided into two parts, 
first, Moy which is that part due 
to the transverse loads only and 
which would occur if the restrain- 
ing moments were zero, and sec- 
ond, Af', which is that part which would occur if there were 
no transverse loads and if the member were subjected to 
the end moments only. The usual conventions with respect to 
bending moment will be adopted. Shear distortion will be 
neglected. Using the second moment-area theorem and assum- 
ing that the cross section is constant between A and B, 



p. 

7’ I 

P2 Pj 

1 B 

^ 

-i- 

1 ^ 

A 

4--— >1 



U i-l - L J 

:>< ‘ 1 


Fig. 66. 


EILr, 




dx 


In greater detail 

EILra ^ MaX^Xp. + M,X^X^ + (M.U 
EILrt = MaX^X^ + M^X^x\l + (Af.)oa (69) 


in which {M,)» is the static moment, about an axis through B, 
of the area under the curve and (Jif.)oa is the corresponding 
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static moment about an axis through A. These may be written 
as 



If these equations are solved simultaneously for Ma and Mb, the 
result is 

Ma = ^(2ra - n) + ^[iM.)oa - 2(M.U] 

IFT 2 

+ 2t 6) + p[-2(M.)„„ + (M.)o»] 


So far, the condition of loading has not been defined and Eqs. 
(70) and (71) are valid for any condi- 
tion of loading. It is worth while to 


evaluate the last terms of the right- 
hand sides of Eqs. (71) for some of ^ 

the more common conditions. For L-x -4-< x' >J 

example, if the member is subjected ^ L 

to a distributed transverse load of 


uniform intensity p continuous over the whole of the length, 
the last terms are as follows (see Fig. 57): 

(M.)o. = (M.)o6 = ^ X X § = 

^[iM.)oa - 2(M.)o»] = 

^[-2{M.)o. + (M.)o»] = -§ 

For a single concentrated load (see Fig. 58), 


<"■)- - X i*' + + 1)] 

= ^(26* + 3a6 + a«) 

= ^(2b + a){b + a) 


Pab 

6 


(26 + a) 
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{M.U = -^(2a + b) 

9 Pnh* 

^,l(Af.)«c - 2(M.U] = 

^[-2(M.)oa + (M.)o6l = 

If the member carries a number of concentrated loads Pi, 
P 2 , Ps, whose distances from the left and right ends are Oi and 



/P-Pa'^(Pb-Pa) 


/ 

T 

IT 


X --►w 

U- 

1 x'— -J 

- L 3 


Fig. 59. 


61 , at and 62 , as and 63 , etc., the load terms are 

^l{M.)oa - 2 (M.)o»] = - 2 ^* 

^J-2(J»f.)„a + (M.)o6] = -2^- 

If the load is continuous and varies uniformly from p„ at A 
to ph at B (see Fig, 69), 


Ra = 


l [^“2 ^ 3.^ ^*’2 ^ 3 J 


Mo = g (2pa + p»)x 


p “2 ^ r ■ 


= g (2po + P») 


Pa + ^(P6 


Pa) I 


/Lx X* I* . x*\ , (Lx i*'\ 
~ 3 3 '6 6 L/ 6 6 L/ 

(M,)oo = MoX dx 

/L* L« , lA . /L* L*\ 

^“V9 8 30/ Hi 8 30/ 


L* 

360 


(7p. + 8 p») 
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(M.)o 6 = 3^(8p« + 7p6) 

p[(M.)„. - 2(M.)o*] 

p(-2(M.)oa + (M.) 06 l 

If there are no transverse loads but the ends of the member 
rotate owing to some cause or other, such as might occur if 
this member were connected by moment-resisting joints to other 
members which are loaded and are forced to rotate at the ends, 
Eqs. (70) become 




'Ta — “I" 

n ~ ^ ^Mb) 

and Eqs. (71) become 

Ma - —j-{2Ta — Tb) 

opr 

Mb = ^{-ra + 2rb) 


(72) 


(73) 


These equations were used in the Winkler variation of the 
solution suggested by Manderla for the problem of secondary- 
stress analysis in trusses.* When used for such problems it is 
convenient to use conventions with respect to positive and nega- 
tive moment and to positive and negative r which are different 
from those used heretofore. If the conventions adopted are: 

1. Moment applied to the end of a member is positive when 
counterclockwise ; 

2. The angle r is positive when the tangent at the end of a 
member has rotated counterclockwise from the chord of the 
elastic curve; 

*See Trans. A.S.C.E., vol. 88, 1926; also Johnson, Bryan, Tourneaure, 
‘‘Modern Framed Structures,” Part II. 
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Eqs. (73) become 


Af„ = =^(2Ta + n) 

Ju 

M„ = ^(r„ + 2n) 


(74) 


In Eqs. (70) to (74) the end moments are defined in terms 
of the transverse loads and the rotations of the end tangents 
with respect to the chord of the elastic curve. The equations 



can be used to advantage in the stress analysis of structures if 
these chords do not rotate or, when they do rotate, if one can 
find some way to evaluate such rotation before using the equa- 
tions. If this last is not possible, a more convenient pair of 
equations is available. In these equations the end moments 
are stated as functions of the transverse loads and of the rotations 
of the end tangents with respect to the original position of the 
member. Such equations may be developed by a consideration 
of Fig. 60. The member shown here is the same as that shown 
in Fig. 56 except that the chord of the elastic curve has rotated 
through the angle \f/. It is evident that 

Ta — da — y!/ 

Th - % + yl/ 

therefore Eqs. (71) may be written in the form 

M. = -2>p-e,-i)+ ^(M.)oa - 2 (M.)o6] 

opr o 

Mt, = ~{-e„ + 4' + 2e, + 24>) + ^[-2(3f.)oa + (3f.)o6] 


( 76 ) 
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These equations can be used more conveniently if the con- 
ventions adopted are, in general, similar to those adopted in Eqs. 
(74). Those usually adopted are: 

1. Moments aoplied to the ends of members are positive when 
clockwise. 

2. The angle 0 is positive when the tangent to the elastic curve 
has rotated in a clockwise direction from its original position. 

3. The angle ^ is positive when the chord of the elastic 
curve has rotated in a clockwise direction from its original 
position. 

When Eqs. (76) are rewritten to suit these conventions, they 
become 


M. = ^(20. + Ot - 3 ^) + ^((M.)o, - 2(M.)o6l 
Mt = + 26,- + |j[2(M.)oa - (M.)») 


(76) 


These are known as the slope-deflection^' equations. 


Numerical lUuatraiion . — Draw 
the curve of bending moments for 
the beam shown in Fig. 61. In 
computing the redundants neglect 
the distortion correspK)nding to axial 
stress and shear. 

Equations (71) may be used to 
determine the fixing moments at 
A and B, Since the ends are fixed, 


7 /) 



Fio. 61. 


therefore 


r« = T6 = 0 


Ma = ^[{M.)oa - 2(M.)o.] = -2^ 

M, = ^l-2(M.)^ + (Af.)o.] = -2^ 


which, for this beam, become 


Af, = -450(30 X 5 X 16* + 40 X 12 X 8») = -161.18 
M, = -455(30 X 6* X 15 + 40 X 12* X 8) = -143.32 


/4SS 
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The curve of bending moments may be obtained by super- 
^ imposing the Mo curve on the curve 

|A [ B__lc of bending moments due to Ma and 

I ! ! I Numerical Illustraiion . — Draw the 

' * *Vl 

i ! curve of bending moments for the 

/ beam shown in Fig.‘ 62. Neglect 
N^l the distortion corresponding to axial 

stress and shear. By statics, 

Mb = -180;tx = 0. 

Using Eqs. (71), for the section AB, therefore, 

2£7_ . 40 X 8^X7 


-^(2rB) - 

2^^ -h-i. 


^1 tl ^ ^ = -180.0 

15^ 


Ma = 


- 2 (+ 79.64 ■ , 

2EI, , 40 X 8 X 72 

L ^ 152 

= +50.18 - 69.69 = -19.51 


180.0) = -50.18 


An alternative solution for either of these problems could be 
based on the use of Eqs. (76). For example, in the second 
illustration, 6a = ta 0, 6b — tb, ^ = 0, and the two sets of 
algebraic equations lead to numerical equations which are 
exactly alike. 

A second alternative solution might be based on the use of the 
conjugate beam. For example, the 
conjugate beam corresponding to 
the beam of Fig. 62 is as shown in 
Fig. 63 and the elastic-load curve, 
being the M/EI curve for the beam, 
is completely defined except for the 
ordinate Ma/EL Since the beam Mc 
is fixed at point A the slope at that 
point is zero, therefore the elastic 
shear at the corresponding point of 
the conjugate beam is zero. This condition may be stated in the 
form of the equation 

-M^ X ^ X I X 15 - 180 X y X y + 149.3 |^7 + 

+ ^X|X7].0 
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75Ma = -6750 + 8213 = +1463 
Ma = +19.51 

the positive sign indicating that Ma has the character assumed 
in the sketch of the elastic-load diagram of Fig. 63. 

34. Beams Continuous over More than One Span : The Equa- 
tion of Three Moments. — Beams whieh are continuous over more 
than one span may, in most cases, be analyzed by using Eqs. (70) 
or (71). If these equations are used, the procedure is to select 
the bending moments at the points of support as the redundants 
and to use Eqs. (70) or (71) as a means of stating the conditions 



Fig. 64. 


of distortion which must be satisfied if the primary structure 
is to behave in the same way as the original structure. To 
illustrate consider the beam in Fig. 64a. The loads are stated 
in units of 1,000 lb. The conditions of distortion which must 
be satisfied if the primary structure is to behave in the same 
way as the original structure are: 

Tl = 0, Tj + Tj' = 0, Ts = 0 

these conditions being true only if the points of support do not 
yield. Using Eqs. (70) these conditions lead to 


15 J ^ . 40 X 4 X 11,„ . 1 

MrPM^ + M,) + g (22 + 4 )^ 


^ 60 X 10X 5 ^ 10)y5^ = 0 
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15 

6EIt 


40 X 4 X 11, 


(M, + 2M,) + - - - ^ - (8 + ll)j3^ 

, 60 X 10 X 5,,^ , 1 , 15 , 

+ ,, (20 + 


6 


15 


+ 


5 X 15< 


QEIt 

which may be written as 


(Mt + 2Mz) + 


5 X 15^ 
24 X 15Eh 


24 X l5EIz 
= 0 


2Mi + M, = -470.04 
Ml + 3.6M, + 0.76M, = -692.89 
Mi + 2Ms = -281.25 


0 


The solution of these equations is 

Ml = -167.90; M, = -134.25; M, = -73.50 

Another method of solving this problem is based on the 
equation obtained by combining the expressions found by 



applying Eqs. (70) at a support common to two adjacent spans. 
Consider, for example, the two spans shown in Fig. 65a; these 
are any two adjacent spans selected from a longer series; the 
beam is continuous over the supports. The moments Mr_i 
and Mr+i are end moments which are applied by the spans 
adjacent to the pair shown or by supports at points (r — 1) and 
(r + 1) which supply restraint against rotation. Let a primary 
structure be selected as shown in Fig. 656. The usual con- 
ventions for bending moment will be adopted. Let the end 
moments be positive when they tend to cause positive bending 
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moment. If the end moments are assumed to be positive, the 
curves of bending moment for the two spans will be as shown in 
Fig. 65c. In these curves M' is that part of the bending moment 
which would occur if the primary structure were subjected to 
the end moments only, while Mo is that part which would occur 
if nothing but the transverse loads acted on the primary struc- 
ture. The condition of distortion which must be satisfied if 
the primary structure is to behave in the same way as the original 
structure is that the tangents at the inner ends of the two 
parts of the elastic curve must lie in the same straight line, or, 
algebraically. 


If r' and t'' are expressed as functions of the end moments and 
transverse loads by using Eqs. (70), this equation becomes 

+ 2M,) 4- ^ EIrtr 

{Ma)o(r+l) __ pv 

Elr^lLr^l 


which may be written as 

+ ^^irr + fe:) + = 


6(Af,)o(f-i) 

IrLr 

b(Af t)o(r4-l) (77) 

/r+lLr-f 1 


This is known as the equation of three moments. In applying 
this equation it should be remembered that the equation 

K + = 0 

infers that there has been no change in the relative positions 
of the points r — 1, r, and r + 1. If a change in the relative 
positions of these points does occur, it is possible to modify 
Eq. (77) so that it will be valid under such circumstances. 
With this end in view consider Fig. 66. Let the points r — 1, 
r, and r + 1 move downward through the distances 5r_i, 
and respectively. Since the tangents at r to the two parts 
of the elastic curve must be colinear, 

~ 

Lr Lt^i 


r' + ry 


0 
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which may be written as 


+ 2Mr(^ + 

_ 6(M,)o(r.^-i) _ 

I T+\Lt+\ 


hA 

Ir+J 

QE5r-\ 

~Lr 


+ M 


r+r 


-'r+l 


6(Af,)o(r-l) 


"h 


Ke + ih) 


IrLr 

^ QESr^l 
Lr-\.l 


(78) 


To illustrate the application of these equations consider again 
the beam of Fig. 64, assuming first that there is no yielding of 
the supports. With this assumption, Eq. (77) is applicable. 
Since the beam is statically indeterminate to the third degree, 
one must find three equations in addition to the equations of 
statics. These three equations are found by writing the equation 
of three moments three times, once for r = 1, once for r = 2 
and for r = 3. The fixed ends at points 1 and 3 are accounted 
for by considering that the part of the beam which extends 
into the support and through which the rotative restraint is 
applied is a span of zero length. If the supports of such a span 
do not move, th^ effect is the same as fixing the direction of the 
axis of the beam at the point of support. The detail of the 
computation is 


21/, (15) + i/.()5) - - 


40 X 4 X 11 
15/2 


(4 + 22) 

60 X 10 X 5 


"■(7?) + K77 + J7) + "*(7r)-- 


15/2 


(10 + 10 ) 


+ 

60 X 10 X 6 
15/2 


40 X 4 X 11 
i5h 


(20 + 5) 


(8 + 11 ) 

5 X 15< 

4 X /a X 15 
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M, 


2.0 

1.0 


-470.04 

1.0 

3.5 

0. 75 

-C02 89 


1.0 

2 0 

-281 .25 


These equations are the same as those developed by using 
Eq. (70) and the solution need not be carried farther. 

If, in the same continuous beam, the middle support should 
yield in. under these loads, Eq. (77) is not valid but Eq. (78) 
may be used in the same way as Eq. (77) was used in the previous 
illustration. The solution is 


1760 X 26 + 60000 Oi’ X 1 
15 / 2 ' 48 X 15 


^"‘(7?) + "’(77) ■ ■ 

+ -< 7 ? + }!) - "•(}?) =■ -000 


5 X 15» 


M 


m - -■(^) = 

which may be solved as follows: 


4/, 

5 X 15^ 
47, 


4- 6i? X 


QE 

4¥'xT5 


Ml 

M 2 

Af, 

ot? 2 .OM, +64.16 = -643.65 

— 345 67 

-512 7.1 ^ -353.90 

2 0 

1.0 

1 0 

3 5 
1.0 

0.75 

2.0 

1.0 

0 5 

0.75 

2.0 

0.25 

; 1.75 

-321 82 


3.0 

1.0 

— 

-512 73 ^ = -23.85 


1.0 

7.95 +64.16 


-504.78 ^ -288.45 


36. Application of the Slope-deflection Equations. — It was 

pointed out in Art. 33 that the problems solved there could 
have been handled equally well by using Eqs. (75) or (76) 
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instead of Eqs. (70) and (71), and that the details of the com- 
putation would not have been changed by a new choice of equa- 
tions. There are structures, however, particularly those with 
moment-resisting joints, in which there are rotations of the 
chords of the elastic curves of some or all of the members while 
the structure is attaining equilibrium. The analysis of such 
structures can be carried out more conveniently, by using the 
slope-deflection equations than by applying Eqs. (70) or (71), 
and may be illustrated by a consideration of the structure shown 
in Fig. 67. As demonstrated in Art. 29, there will be no appreci- 
able error in the analysis of this struc- 
ture if the distortion corresponding to 
axial stress and to shear is neglected; 
consequently, a solution based on the use 
of Eqs. (76) is a close approximation to a 
precise solution. A good procedure is to 
write the slope-deflection equations for 
each of the members, then to write certain 
of the equations of equilibrium for parts 
of the structure, and to use the slope-deflection equations to 
eliminate from these equations of equilibrium all unknowns 
except those measuring the distortion, t.c., the unknown angles 6 
and These are determined by solving the equations of 
equilibrium simultaneously, after which the moments at the 
ends of the members are found by substituting in the slope- 
deflection equations the newly found values for the angles S 
and For this particular illustration the slope-deflection 
equations are 



Mab == 2EKab(2i0a “b ^6 — ^^ab) 
Mba = 2EKab{0a + 2db — S\l/ob) 

Mbc = 2EKbc(26b + — 3 ^ 6 c ) ”” 

Mcb = 2EKbe{0b + 2de — 3^6c) + 

Med = 2EKcd{2ec + Od- Z^cd) 

Mdc = 2EKcd{0e + 20d ~ 3^c<i) 


where K 


100 X 8 X 122 

202 

100 X 82 X 12 

202 


/ 

L 


(a) 


Since the columns are fixed at a and d, respectively, 6a — 6d = 0. 
If the changes in the lengths of the members are neglected, as 
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suggested on p. 142, there can be no change in the relative eleva- 
tions of joints b and c; consequently rphe = 0. Further, if member 
be is assumed to have no change in length, points b and c must 
have equal horizontal deflection«; therefore 

5 

I5^a6 = 25yl/cdy or if/ab = 

This leaves, as independent unknowns, the moments at the 
ends of the members and 06, 0<;, yped- These angles may be found 
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directly by writing three equations of the form IM = 0, each 
for some part of the structure and using the slope-deflection 
equations to eliminate from them all unknown moments. For 
joint 6, XMh = 0, therefore 

Mba + Mbc = 0 (b) 

Similarly SAf = 0 for joint c leads to 

Afc6 + Med = 0 (c) 

A third equation may be obtained by writing SM = 0 for each 
of the columns (see Fig. 69). 

Mab ”h Mba + 15i/a = 0 

Med + Mdc + 25Hd = 0 


Y^{Mab + Mho) + Mde) + — 0 


But, from XH = 0 for the whole structure, 

Ha ”f" Hd — 0 

Therefore 

5Ma6 + 5Jlf6a + SMcd + SMdc = 0 


Substituting in Eqs. (b), (c), and (d) the values of the moments 
in terms of the angles 6 and ^ as given in Eqs. (a) leads to 
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2Edh{2Kab + 2Khc) + 2E6e{Kbc) — ^E X Eat — 288 = 0 
2EBb{Kbc) 2E6c{2Kbc + 2Kcd) ~ ^EypcdKcd "t" 192 = 0 
2Eet{5K^ + lOAot) - X 2 X + 2E0,{9Kca) 

~ 0>E^c,i{2Ka X 3) = 0 

or, in tabular form, 


2Eei 

2Eec 

^Expcd 


2Kab 4" *^Kbc 

Kbc 

-\K.b 

-288 

Kbc 

2Kbc + 2Ked 

-Kcd 

-f-192 

1 K. ab 

O/v'cd 

~^^Kab - iyKrd 

0 

1 


Ko^ X 12‘ = = 20; 

15 


and the equations become 


Ku X 12< = 


1000 

7 'SO 

Kcd X 12^ = = 30 

zo 


2Eei 

2Ee, 

^E\prd 

Num X 12"'* 

140 

50 

- 33.3 

-288 

50 

160 I 

- 30 0 ' 

+ 192 

100 

90 

-171 1 

0 


The solution of these equations is 


2Eeb 

2Eer 

^E\pcd 


140 

50 

-33 3 

-288.0 

50 

160 

-30 0 

+ 192.0 

10 

9 

-17.1 

0.0 

50 

17.8571 

-11.9047 

-102.8571 

10 

3 5714 

- 2.3809 

- 20.5714 


142.1429 

-18.0953 

+294 . 8571 


5 . 4286 

-14 7302 

+ 20.5714 


5.4286 

- 0.6911 

+ 11.2609 



-14.0391 

+ 9.3106 
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eEif^cd = +0.66318(12^) 

142.1429(2£^c) - 12.0001 + 294.8571 = 0 
2Ee, = -1.9899(12^) 

140(2JE?^6) - 99.4Q6 - 22 106 - 288 = 0 
2Eet = +2.9257(12") 

Mob - 20(2.9257 - 1.1053) = + 36.408 

Mba = 20(5.8514 - 1.1053) = + 94.922 

Mu = 50(5.8514 - 1.9899) - 288.0 = - 94.925 

Mcb = 50(2.9257 - 3.9798) + 192.0 = + 139.295 

Med = 30(- 3.9798 - 0.6632) = - 139.290 

Mdc = 30(- 1.9899 - 0.6632) = - 79.593 

These moments, together with the shears and direct stresses 
which correspond, are shown in Fig. 70. 



As a second illustration consider the bent in Fig. 71. The 
solution follows the same general procedure as in the previous 
illustration, though there are differences in certain details. The 
slope-deflection equations are 

Mob — 2EKabi2$a + ^6 ^ypab) 

Mba = 2EKab{^a + 26b “ Sl/'oft) 

Mbe = 2EKbe{2db 6 e — 3\l/b^) 

Mbc = 2EKbc{26b + 6c — 3i/'h, ) 

Mcb — 2EKbc{6b + 26 c — Sypbe) 

Med ~ 2EKcd(26c + — 3^cd) 

Mdc = 2EKcd{6e + 26d — S\l/cd) 

Mdc = 2EKdei^6d 6 e S\l/dc) 

Med = 2EKde{6d + 26e — 3^d«) 
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Af#6 ** 2EKtb(^^0 + ~ 3^b«) 

M.f * 2EK.f{2e. + (?/ - 3^./) 

Mft = 2EKtf(Bt + 2Bf — 3 ^«/) 

in which Mob and M/g are zero. If the changes in the lengths 
of the members be neglected, the relations between the various 



Fio. 72. Fio. 73. 


angles ^ are found to be as follows: 


Therefore 


W = 20.16^ab 

20 

W = 20.16f,» X 2^ = 20^'.* 

5"6' = 20. X = 2.5^^ 

90 

ee" = 20.16^/. X ^ = 66" 

20l^/, = 20V'a» 

V'/. = ^O* 

e'V = 20.1&A/. X = 2.5^^ 

“ -0.26^.* 

cc" = 66" + 20.16f». X 2^^ 

= 20(^0* + 

dd" = cd' ^ ee" + 20.16^d. X 

= 20(^afr + ^d*) 


Therefore 





Art. 36] 


STRESS ANALYSIS 


147 


» -Ys^c'c" + d'd") 

- -ui’’'"" + ik + *" + X ra) 

= -^(2.5^a6 + 2.5^k. + 2.5>P^ + 2.5^»e) 

““ "”* 0^06 ^l^hc 


The unknown independent angles are Bay Bbf Bcf Bdf Off Bfj ypaby 
and yphc- The equations of equilibrium which are available for 
the solution are Mab = 0; M/e — 0; Mba + Mbe + Mbc = 0; 




VbcH 


Hbc 

bc 


Vbc^'^Med 


Fio. 74. 


Mcb 4“ Med = 0; Mde Mde — O'y Med + Afe6 “f” M cf = 0, with two 
more which may be derived from the conditions of equilibrium 
for the various members. For the legs of the top story of this bent 
(see Fig. 74) 

^.bVbe 4" 20Hbc 4" Mbc 4" Mcb — 0 
2.5F6C 4- 20(100 - Hbc) + Mde + Med = 0 


Mbc 4" Mcb 4“ Mde 4" Med 4* 5Ff)c 4- 2000 = 0 

also, for the girder cd 

Med 4- Mde 4- 15F6C = 0 

which may be written 

- gMd. + 57k. = 0 


therefore 


Mu 4* ^Meb 4" ^Mde 4- Med 4" 2000 = 0 


(a) 
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For the bottom story (see Fig. 75) 

Mta + + 2.5Va6 = 0 

M./ + 20(125 - H^) + 2.5Faj, = 0 


Mba + M,/ + 2500 + 5.0y„t = 0 
Mu + M^ + (V ab — F6c)20 = 0; Mu + Mu + Mu = 0 

Mu + Mtf + M,b — 0 

~Mu - Imu - IMu - |A/e/ + 5.0F^ - ^Mcb - ^M^, = 0 

^Mu + \Mu + \Mu + + '^Mcb + \Mi, + 2500 = 0 ( 6 ) 

Expressing Eqs. (a) and (6) and the equations 2A/ = 0 in terms 
of the distortion constants 


'PC 

Hbc 


25^ Hbc- Hob 


25 


1— ~ Hcb 

;vc,b 




Mbi- ^ 


Vcb-Vb 


Meb I lOO-Hbc 

^ 25^Hbc-Hct> 

~~ “^^5-He.b 


\ 


Vab%c V^b-Vbc' fv^b 
t'^ab 


-Hab 


^Vcb 


Fio. 75, 


2EKab(26a Ob — S\l^ab) = 0 
2EKefi0e + 26/ — 3\l/ab) = 0 

2Eea Kab + 2Edb(2Kab + 2Ku + 2K,r) + 2Eec Xbc +*2E6, Kb. 

— QE\pab^Kab -^Kb^ — ^Eypbc Kbo = 0 
2E6b Kbe "f“ 2Edc(2Kbe ~f" 2Kcd) “h 2E0d Keu 

- GE^bc(Ku - = 0 

2E6cKcd + 2Edd{2Kcd “h 2Kde) + 2E6eKde 

- QE^^bc^Kn, - - 6E4>ab(^-^Ke^ = 0 

2E6dKd€ 2E0e(2Kde 2Keb “H 2/C,/) -f" 2E0b K,b 


+ 


2Ed, K., - &E4>u(.Kd.) - 6E>l^ab(Ku - = 0 
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2Ee,(^K^ + 2Eec(^^K^ + 2E0,(^^K^^ + 2Ed.(jK,^ 

— QEif^bc^^Kic "I" + 2000 = 0 

2E6a{^K^ + ^EOh^^Kai + 2'^*« 

+ |iC»c) + 2Ee^Ka, + + 2Ee.(^^K,. + ^K.f + 

-6E^j(^K^ + + 2Eef(jK,^ 

— 6E4'iK.(^Kbc + "H 3'^''*^ 2500 = 0 

Kai = Ktf = Kbc = Kdt = 20.165 X 12* 20 X 12 ‘ 


Kb . = 
Xcd = 


600 

20 X 12‘ 
750 

15 X 12^ 


= 25 X 12-‘ 
= 50 X 12 -* 


The equations become 


2 E 9 m 

2 Eek 

2 E 0, 

2 Ee 4 

2 Ed , 

2 E 8/ 



Num X 12 -« 

40 0 

20.0 





-20 0 


0 0 

20 0 

130.0 

20 0 




-13 76 

- 20.0 

0.0 

mhmm 

66 6 

18.3 

18.6 

66.6 

25 

-50 0 

- 23.6 

+ 2500 0 


20.0 

140.0 

60.0 



+ 16.6 

- 3.3 

0.0 


26.0 


20.0 

130.0 

20 0 

- 13.76 

- 20.0 

0.0 


66 . d 

73.6 

73 6 

66 6 



- 93.3 

+ 2000.0 



60.0 

140.0 

20 0 


+ 16.6 

- 3.6 

0 0 





20.0 

40.0 

- 20.0 


0 0 

20.0 

10.0 





-10 0 


0.0 

26.0 

12.6 





- 12.6 


0.0 


120.0 

20.0 


26.0 


- 3 75 

- 20.0 

0 0 


64.16 

18.6 

18.6 

66.6 

26.0 

-37 5 

- 23.6 

+ 2500.0 


20 0 

140.0 

60.0 



+ 16.6 

- 3 6 

0 0 


26.0 


20.0 

130.0 

20.0 

- 13.76 

- 20.0 

0.0 


66 6 

73.6 

73.6 

66 6 



-93 3 

+2000 0 


64.16 

9.028 


11.286 


- 1.693 

- 9.028 

0.0 


20.0 

3.336 


4.166 


- 0.626 

- 3 336 



26.0 

4.166 


5.2086 


- 0.7812 

- 4.166 

0.0 


66.6 

ll.lli 


13.8886 


- 2.086 

- ll.lli 





18.6 

66.3816 

26.0 

- 36.807 

- 14 . 306 

+ 2600.0 



136.666 

60.0 

- 4.1666 


+ 17.2916 

0.0 

0.0 



- 4. 166 


124.7916 

20.0 

- 12.9688 

-16 836 

0.0 



62 . 222 

73.6 

62.7777 


+ 2.086 

- 82.222 

+ 2000.0 




140.0 

20.0 


+ 16.6 

- 3.6 

0 0 



9.306 


- 0.2838 


+ 1.1773 

0.0 

0 0 



4.16 

1 626 

- 0.1271 


+ 0.6271 

0.0 

0.0 



62 222 

22 . 762 

- 1.8978 


+ 7.873 

0.0 

0.0 



60.0 

18.292 

- 1.6248 


+ 6.326 

0 0 

0.0 














150 STATICALLY INDETERMINATE STRUCTURES [Chap. Til 


2B9m 

2E9h 

2E9, 

2Edd 

2 Ed* 

2E9/ j 

%E4>ab 

QE}ffb« 

Num X 12-* 




14.9288 

55.6654 

KH 

- 36 . 9843 

-14.305 





21.525 

124.6645 

20.0 

-12.4417 

-15.833 

0.0 





54.6755 


- 5.790 

- 82 . 22i 

+ 2000.0 




121.708 

21.5248 


+ 10.340 

- 3 5 

0.0 




14.9288 

2.6413 


+ 1.2687 

- 0.4089 

0.0 




21.525 

3.8075 


+ 1.8292 

- 0.5895 

0.0 




50.571 

8.9440 


+ 4.296 

- 1.3847 

0.0 





53.0241 


-38 253 

-13.8961 

+2500.0 





120.857 

20.0 

-14.2709 

-15.2435 

0.0 





45.7315 


-10.086 

-80.8375 

+2000.0 





20.0 

40.0 

-20.0 


0.0 





53 0241 

25.0 

-38.253 

-13.8961 

+ 2500.0 





120.857 


-14.2709 

-15.2435 

0.0 





45.7315 


-10.086 

-80.8375 

+ 2000.0 





20.0 

40.0 

-20.0 


0.0 





53.0241 

8.786 

- 6.260 

- 6.688 

0.0 





45.7315 

7.568 

- 5.399 

- 5.768 

0.0 





20.0 

3.309 

- 2.361 

- 2.522 

0.0 






16 214 

-31.993 

- 7 208 

+ 2500.0 






-7.568 

- 4.687 

- 75 . 0695 

+ 2000.0 






36 691 

-17.639 

+ 2.522 

0.0 






16 214 

- 7.797 

+ 1.1146 

0 0 






7 568 

- 3.638 

+ 0.5201 

0.0 







-24.196 

- 8 3226 

+ 2500.0 







- 8.325 

-74.5494 

+ 2000.0 







- 8 325 

- 2.864 

+ 860.2 

1 

1 






-71 6854 

+ 1139 8 


-24 - 132.37 -I- 2500.0 - 0 

36.69 1(2.B^/) - 1726.0 + 40.11 - 0 
120.857(2^tf,) + 919.2 - 1396.2 - 242.35 - 0 
121.708(2^®^) + 128.10 + 1011.9 - 53.0 - 0 
136.6(2J?tf.) - 446.6 - 24.8 + 1691.8 -0 
120.0(2J5^) - 178.64 + 148.75 - 366.9 - 318.04 - 0 
40.0(2««.) + 119.14 - 1957.2 - 0 

- 20( + 91.90 + 5.96 - 97.86) - 0 
Afu - 20( +45.95 + 11.91 - 97.86) - -800.0 
Mu - 25(+ 11.91 + 5.95 + 24.46) - +1058.3 
Mu - 20( + 11.91 - 8.93 - 15.90) - -258.4 
M^ - 20( + 5.95 - 17.864 - 15.902) - -556.2 
Ma - 60(- 17.864 - 8.932 + 37.921) - +556.25 
Af* - 60(-8.932 - 17.864 + 37.921) - +556.25 
Afw. - 20(- 17.864 + 5.95 - 15.902) - -556.2 
Afw . 20(- 8.932 + 11.90 - 15.902) - -258.4 
Afi» - 25( + 11.90 + 5.95 + 24.465) - +1058.3. 
Af./ - 20( + 11.90 + 45.96 - 97.86) - -800.0 
Mf, - 20( +91.92 + 5.95 - 97.86) - 0.0 


QE\f>u 

- 

+ 15.902 

QE^ab 

-> 

+97.86 

2E9f 

- 

+ 45.96 

2E9* 

- 

+ 5.95 

2E94 

> 

- 8.932 

2B9t 

« 

- 8.932 

2E9b 


+ 5.957 

2E9a 

- 

+45.95 


36. Stress Analysis by Distribution of End Moments. — An 

ingenious and convenient method of finding the stresses in 
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structures with moment-resisting joints has been suggested by 
Professor Hardy Cross and is called the method of moment 
distribution. Each of the methods discussed in previous articles 
involves the solution of a number of simultaneouj^ equations and, 
in general, is somewhat laborious. The method of moment dis- 
tribution does not require equations, is often much shorter than 


, 74/9 
/OO I 50 

^ 74.19 
/^ 74 I 9 


556 . 2 (^ 


c 50 


556.25 
ns c 


50 


n 4/9 


55625 , 7 . .. 

L 

-t ^ 50 


7419 I 


50 


50 


\74./? 
\74./9 
^ ^ 556.2 


258.4 jb SO.O 
i 7419 

kJjitQ 


, |«./9 
^ / 2 . 50 ^ 




1058.3 


50 I 


J6a02 


dooC 

62.50 


/05d3 

\^0 / 2 ^ 
10583 


7419 
50 


5 2584 

74I9\ 

fezs 

160.02 

I /60.02 

—hsoo 


02.50 \ ^625 

\ 160.02 I 

mo 2 

Fig. 76. — End moments, shears, and axial stresses for the bent of Fig. 71. 


any of the methods already discussed, and may be carried only far 
enough to provide results of a degree of precision required by 
the particular problem in hand. 

Consideration of the slope-deflection equations leads to the 
conclusion that the moment at the end of any member is deter- 
mined by the following factors: The rotations of the tangents, 
at the ends of the member, to the elastic curve; the rotation of 
the chord joining the ends of the elastic curve and the applied 
loads. The method of moment distribution is a process of 
evaluating the effects of these factors separately and arriving 



152 STATICALLY INDETERMINATE STRUCTURES [Chap. Ill 


at the final result by a series of approximations. It may be 
illustrated by the problem shown in Fig. 77. The slope-deflection 
equations for this beam are 

= 2EK^(2ea + d,- 

Affca = 2EKa,(d. + 20, - j 

K V 12* 

Mfc. = 2EK,,{20, + (?. - 3^6.) - 

Ma, = 2EKd,{e, + 20 . - Uu) + 
also, by statics, 

= -5 X = -90 

If the points of support do not yield, the angles \l/ab and \l/cd 


50 

1 

5 per fin. fl: 

fa j bj 

■ t w 1 1 w m 

'A ^'-\l-IOOO"‘* ^ 

^1 = 1500”^ 4, 


U--4 -->T< 12* J 

1- 0.02 



+ 004 

1 


r* 0.17 

1 

- 68.74 

- 44. 67 

1 

- 0.05 

+ 1.90 


- 0.36 

-T5" 

1 

- 2.53 

412.6 

i 

-»■ 3.1 

+ 9.3 


- 68.88 

-60.0 

-90.0 1 

+ 44.40 

+ 60.00 

+ 6.22 

4 4.66 

- 506 

4 25.33 

- 076 

- 3.8 

4 3.8 

- 0.1 1 

- 

~ 0-02 

4 0.57 

+ 44.71 

- 008 


+ ,-.Goe 


4 90.00 


Fiq. 77. 


are zero. The next step is to write on the members the end 
moments which would occur if the angles 6 were zero also, 
i.e., the moments which would exist if each member were fixed at 
the ends. It is evident that these are the last terms of Eq. (a). 
At this point it is well to adopt some convention as to positive 
and negative moments and to adopt some orderly procedure 
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with respect to the places in which end moments are written. 
The authors prefer to retain the slope-deflection conventions 
for moment and to write each moment on the side of the member 
first encountered in a clockv/isc movement around the joint. 
There is no particular advantage in these conventions for such 
problems as that in Fig. 77, but it is believed that there is con- 

H4 44.4 6Q0 6Q0 6Q0 6Q0 9Q0 90.0 

o) (□) (a o) (□) (a 

(b) (c) 

Fici. 78. 

siderable advantage in more complicated problems, and that 
there is merit in adopting the same procedure for all problems. 

If either joint h or joint c be considered as isolated in the condi- 
tion just described (sec Fig. 78), it is evident that neither joint 
is in equilibrium; consequently each joint must rotate till 
equilibrium is established. The effects of such rotations will be 
evaluated separately. The unbalanced moment at joint c is 
greater than that at joint h and in general its rotation would be 
considered first, but, for the purpose of explaining the method, 
joint h will be taken first. Assume that, for the moment, joint b 
rotates, all other joints remaining fixed. During this rotation 
the moments developed are stated by 

Ma, = 2EKM' - 2EKU2e,); = 2EKU2et); 

Mcb — 2EKhc{^h) ( 5 ) 

Since joint h rotates till equilibrium is established, the moments 
Mha and Mhc developed during the rotation must be together 
equal to the unbalanced moment and be of opposite sign, f.c., 

+ 15.5, also, from Eqs. (6) 

Mha _ Eab _ 2 
Mhc ~Ehc 3 

therefore the moments developed during the rotation are 

Mfca = |(+15.5) = +6.2; = |( + 15.6) = +9.3 

Each of these is written at the end of the member in which it 
occurs. This is called moment distribution. It is evident from 
Eqs. (6) that this rotation of joint b through an angle dh produces 
moments at joint a and joint c, further that the moment produced 



154 STATICALLY INDETERMINATE STRUCTURES [Chap. Ill 


ut joint a is just half as great as that produced in the h end of 
member ba and has the same sign, while the moment produced 
at point c is just half as great as that produced at the b end of 
member be and has the same sign. These moments are written 
on the ends of the members in which they occur. This is called 
the carryover. An examination of joint c at this stage shows 
that there is an unbalanced moment of —25.3; therefore this 
joint must rotate till equilibrium is established. During this 
rotation there can be no change in the moment —90.0 in cd 
because the far end is free to move and this moment is deter- 
mined by the conditions of equilibrium for the cantilever end 
cd; consequently, all the balancing moment must occur in 
member cb; it is so written. Since this rotation is assumed to 
occur with all other joints temporarily fixed, there will be a 
carryover moment of +25.3 X ^ developed at the b end of 
member 6c, the reasoning leading to this conclusion being exactly 
the same as that which determined the carryover moments due 
to the rotation of joint 6. A new examination of joint 6 shows 
that there is a new unbalance of moments at that point. There- 
fore there must be some additional rotation of that joint, this 
rotation proceeding till equilibrium of the joint is established. 
It is assumed that for the moment all other joints are fixed and a 
moment distribution and moment carryover are carried out just 
as in the previous rotation of joint 6. This produces a new 
unbalance at joint c, which must, therefore, rotate till equilibrium 
is established and is assumed to do so while all other joints are 
fixed, resulting in a balancing moment at joint c and a new carry- 
over moment at joint 6 and a new unbalance there. These 
steps are repeated till the unbalanced moments are so small that 
further investigation is deemed unnecessary, this particular 
decision resulting on the precision desired in the analysis. 
The total moment at the end of any member is the algebraic 
sum of the moments written there. 

In the solution just completed it was assumed that there was 
no yielding of the supports and that, consequently, all angles ^ 
were zero. If the conditions were such that joint 6 should be 
expected to yield under the loading given, a further investigation 
must be made to determine the effect of this yielding and the 
end moments developed must be added to those already found. 
This further investigation is carried out in a manner very similar 
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to that used in finding the effect of the loads, but starting with 
the end moments which would be developed if the settlement 
occurred without any rotation of the joints and then considering 
the effect of any possible rotation of the joints (moment dis- 
tribution and carryover) just as in the previous problem. As an 
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Fig. 79. 


illustration assume that joint b settles ^ in. under the loading 
shown. It follows that 

^ =+lvlv± =_lvlvl 

^'ab -l-jg ^ 12 ^ 12 ^ 16 12 12 

and the fixed-end moments due to the settlement are 


Mab = Mba = —^EKab^ab = 


3 X 10^ X 12^ X 1000 
^ ^ 12^ X 12 


1 

16 X 12 X 12 

= —45.21 (in 1,000-lb. units) 

Mbc = Mcb= -&EKc^cd = +45.21 X 1.5 = 67.81 


The moment distribution is given in Fig. 79a. 
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In this beam joint c behaves as if it were pin-connected and 
some labor may be saved if this is kept in mind in carrying out 
the moment distribution at joint 6. For adjacent members 
ab and be, joint a being fixed and joint c free to rotate, the slope- 
deflection equations are 

Mba = Kabila " 1 “ 2^6 — Sypab) 

Mhc — 2EKbe(2db + 

Mcb = 2EKob{^b “h 26e — 3^6c) = 0 

In evaluating the effect of a rotation of joint b, when joint a 
is fixed and joint c free to rotate, and the angles being assumed 
to be zero, even if only temporarily, these equations become 

«. - -y. 

Mt, - - 3EK^e> 

Mba = 2EKba(2db) = ^EKbadb 


It is evident that a rotation of joint b under these circumstances 
leads to the development of moments Mba and Mbc which are not, 



Fio. 80. 


as before, proportional to the stiffness factors Kat and Kbcy 
but are proportional to Kab and ^Kbe- If this idea is used, the 
computation in Fig. 79a becomes that shown in Fig. 79b. 

As a further illustration consider the bent shown in Fig. 80a. 
In this condition of loading one cannot start with the fixed-end 
moments for the members because there are no transverse loads 
between the ends of any member. It is impossible, also, to begin 
with the end moments due to some definite angle ^ for each 
member, though a little consideration of the structure will show 
that \l/bc = 0 and that neither ^oi> nor yped is zero. A logical 
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beginning would be to start with the effects of some definite 
value for rj/ab or for ypUf and, since the purpose of the moment 
distribution is the evaluation of the effect of rotation of the 
joints, it might be assumed that, temporarily, the angles ^ 
occur without rotation of the joints. Further, since the sum 
of the horizontal shears in the two columns must be equal to the 
load applied, it might be assumed that the structure moves 
sideways till this condition is satisfied. Since the two columns 
are of different lengths and have different conditions of support, 
though under the assumptions stated above the horizontal 
deflections of joints b and c are alike, the horizontal shears in the 
two columns will not be alike and the logical procedure is to 
determine the relation between the horizontal shears which will 
cause the two columns to have equal deflections at the upper 
ends, both being assumed fixed in direction at the top, column ab 
fixed at the base while column cd is pin-connected at the base. 
The comparison between the two conditions is as follows: 

Since the column ab is fixed in direction at both ends, the slope- 
deflection equation gives (see Fig. 806) : 


from which 



Lli,Mab 

^Elab 


From the equation XM = 0 applied to the column, 


SabEab ab ba 


Combining these relations: 


^6 == 4 


SabLl, 

\2EIab 


For the column cd, the slope-deflection equation gives (see 
Fig. 80c) 

Mic = 0 = 2E^^j29a - 


Oi = 


3 ^ 
2Lu 


from which 
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Mcd 


from which 



3EIcd 


By statics, 


ScdLcd — 


-Mai. 


Combining these expressions, 


5c 


SM 

3EIal 


Since 5t = 5c, 


5a* _ l2EUiLl _ 4Xa*/L^ 

5cd ZElaiIVU 

If both columns had been fixed at the base, the relation would 
have been 

5a* _ 12EI^/Ll, _ K^/Ll 
Sai 12Er:jLi Kai/Lf, 


For this particular problem the tentative shear distribution is 


5 


ab 


1500 

5a* ^ 15’ ^ ^ 256 

S.H 1500/20’ 3’ 27 

100 X ^ = 90.46; 5*c = 100 X ^ = 9.54 


and the corresponding fixed-end moments are 

Mob = Mia ^ X 90.46 X 15 = -678.4 
M,4 = -9.64 X 20 = -190.8 


In carrying out the moment distribution only the relative magni- 
tudes of the K factors are of importance and since the column 
cd is hinged at the base the ratios are 


1500 2500 3 1500 

15 • 25 U ^ 20 


= 100:100:56.25 = 16:16:9 
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The moment dintribution follows. 
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(^519.4) 

342.6 

- 0.3v 
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The equations of equilibrium for the two columns lead to 


342.9 + 510.6 




The sum of these is 66.0 and the total load is 100; therefore, all 
quantities should be multiplied by the ratio 100 : 66. The results 
are shown in parentheses in Fig. 81. 

If the bent is of more than one story, the shear distribution 
is not quite so easy. There are several ways of carr 3 dng out 


the desired process, but what is 
perhaps the most convenient is 
that suggested by Professor 
Clyde T. Morris in his discus- 
sion of Professor Crosses paper 
entitled ‘‘Analysis of Continuous 
Frames by Distributing Fixed- 
end Moments, in the Transac- 
tions of A.S.C.E.y vol. 96, 1932. 
Consider the analysis of the bent 
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shown in Fig. 82. The stiffness factors are in the ratios of the 


figures written on the members. If the changes in the lengths 


of the girders be neglected, the angles ^ for the columns of any 
one story are alike. Hence, assuming no joint rotation, the 



+ oil 


STATICALLY INDETERMINATE STRUCTURES [Chap. Ill 


VlO-i- 

WTO 4 ^®^ 
iZ 0 4 
SV-l - 

• 5 TT 4 ®^^- 
on 4 

Z.K 3 + ' “ 

6 Zi 4 

fl 0 T 4 ® 0 '- 

2 £>4 

9 ^ 9 - 


SSO 4 

no - 

Jor 4 ^^ 21 - 


© ^ 


>4 com inin|cMU>|— »o tAtoH — 
5^0 Mr»p 4 OcJ — 
3 o- a-|oc$Kic5 K 


■44444+44 4 


|= 5 |a 55 ?| 5 ?a?S|;e«|^ 

|dd|dd|tioldo|-cf|d 

44 444444 444 

© 


2204 ^^ 2 '- 

SIX)4 

4404 

6204 

£S0- 
9S-g- . 

960 4 

1 2*9 ^ 

5574 ®®^ 

961 4 
i^’ 4 V 1.2 

49 - 9 -(^llc 


' 0 ^ 2 ^ 621 - 

6S4 4 

ILL* 

.,o,£604 

292- 

601 4 

rtci_iS04 

0£l-g4.,. 

SS04 

qqt_ 2£0+ 

®®^ 920- 
920- ^ 


Sy ** 

teSb- =1 49'9- 

dd-ISjIddlSdIdddI isiH- 


9 E|lss?SSaS§ 3 : 

4+4 + 4+4+14 + 4 I « 


7 £ 0 - 4 °«^- 

sfF 4 

061 - 6012- 
£61 4 

14-41- 

26-S2- (y) 


h: ««Moo‘p« k)n -- o 
ia|c 4— 1— •d|ddldd|oo|c{i 

4 44+444 44 + f + 




26£4 

590- •gl'+ 
129- 

® ®t £ 2 - 4 - " 55^4 

ill 929- 9S-£- 

91-1 4**''' 201 4 

229-9404 

lii'059- S6I- 

291 ■» 9904 

^",9-£- O^'^-20-l- 

i- “-SS: 

||ddloo|od|-'d|— c3|dd zf'V* <6loo od dol— o k>o Loch 

4+ 44 444444+4 t" J , ^ 


009- — 

iro-^ 


W 4 SOH- 

?i§^ 4 S 6 ti- 
£20 - 

6 or 4 ^^^'- 

4V6I~ 


694 + 

C J'l iJl 


620- : 


oei - 290 4 

Oi I sir-i - 


bn- 


Fig. 


Art. 36] 


STRESS ANALYSIS 


161 


end moments for any column mn, being equal to 
are proportional to the stiff npss coefficient for the column. Thus 
in the upper story of the bent, the total shear being 3.600 lb., 
the sum of the end moments for the columns 


3,600 X 12 == 43,200 ft.-lb. 


This is divided among the columns in the proportion 3:4:3, i.e., 
using 1,000-lb. units, 12.96:17.28:12.96, and the end moments 
for any column being equal, the end moments for the three 
columns are 6.48, 8.64, and 6.48, respectively. Similarly, 
in the lower story the end moments are 19.44, 29.62, and 19.44, 
respectively. These moments are all counterclockwise and hence 


are written as negative. When this is 
done the moments at any joint, in 
general, will not balance. Hence the 
joints will rotate. This is taken into 
account by distributing the moments at 

^/Od */08 2.70 
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Fig. 85. 


each joint and carrying over the ^'carryover moments. In 
the illustration in hand this is performed in Fig. 83, taking the 
joints in the order c, 6, /i, df, c, gf, and leading to the results as 
shown in Fig. 84. The shears in the columns corresponding to 
these end moments are shown in Fig. 85. 

In the top story the column shears have as a sum 0.448 to 
the right when it should be 3.6 to the left. The sum of the 
column shears in the bottom story is 7.20 when it should be 
10.8. To take care of this, impose new moments on the top 
story columns whose total is (3.6 + 0.448)12 = 48.576 divided 
among the three columns in the ratios 3:4:3, i.e., 

14.57:19.43:14.57, 

which means end moments of —7.29, —9.72, —7.29, in columns 
6c, edy and hg^ respectively. In the lower story impose new 
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moments whose sum is (10.8 — 7.20)12 = 43. 2^ which, divided 
among the three columns in the proper proportions, leads to end 
moments of —6.48, —8.64, —6.48 in columns a6, fe, and kh, 
respectively. Now repeat the distribution and carrying over of 
unbalanced moments and check up the total shears in the two 
stories once more. Repeat this process until the unbalanced 
moments are so small that further computation is considered 
unnecessary. The process described was carried out six times in 
Fig. 83. The results obtained are listed below together with those 
obtained from a slope-deflection solution of the same problem. 


Member 

Moment 

distribution 

solution 

Slope- 1 
deflection 
solution 

Member 

Moment 

distribution 

solution 

Slope- 

deflection 

solution 

ab 

-22.75 

-23.97 

ed ' 

- 8.00 

- 8.64 

ba 

-14.05 

-14.08 

de 

-13.97 

-14.09 

be 1 

- 2.19 

- 2.68 

be 

-fl6.39 

+16.76 

cb 

- 7.10 

- 7.55 

eb 

+ 15.42 

+15.74 

fe 

-32.21 

-32.66 

cd 

+ 7.11 

+ 7.55 

ef 

-22.50 

-22.84 

dc 

+ 6.66 

+ 7.05 




CHAPTER IV 


INFLUENCE LINES FOR STATICALLY INDETERMINATE 

STRUCTURES 

37. Introduction. — In the preceding chapter, various methods 
used to determine stresses in structures with redundant members 
or reactions were demonstrated. The structures discussed were, 
however, subjected to a particular condition of loading. Very 
often one must investigate the effect on a structure of many 
possible conditions of loading, as, for example, when live load 
moves across a structure. In such circumstances it is necessary 
to determine what position of the live load will cause a maximum 
value of some particular function, such as stress or deflection. 
For this purpose the influence line serves as the most convenient 
means of obtaining the desired result. 

The first step in finding the influence lines for the stresses in 
various members of a structure is to find the influence lines for the 
redundants. Once this is done, it is possible to find the stress 
in any member, for any position of the unit load, as a function 
of the unit load and the redundant stress or stresses. 

38. Influence Lines by Successive Positions of Unit Load. — It 
is, of course, possible to place the unit load in each position 
possible and, for each of these positions, compute the values of 
the redundants by one of the methods given in Chap. III. While 
the amount of time involved in this procedure may be large, the 
work may be systematized in such a way that it is not unduly 
laborious. 

For illustrative purposes, Castigliano's law will be used as a 
basis for stress analysis, and the ordinates to the influence lines 
for the stresses in members 5-6 and 6-9 of the doubly redundant 
truss shown in Fig. 86a will be computed. The numbers shown 
in parentheses on this figure are the member areas in square 
inches. The primary structure is shown in Fig. 865, the tension 
in member 5-6, Xa, and the tension in member 6-9, Xby having 
been taken as the redundants. For any position of the unit 
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load, the stress in any member of the structure may be expressed 

by 

F = n + XaFa + 

in which F = the total stress in any member. 

Fo = the stress in that member due to the unit load 
acting on the primary structure. 

Fa = the stress in that member for ''condition Xa = 1/^ 
Fb = the stress in that member for "condition Xh = 1/ 



If one assumes no yielding of supports and no change of 
temperature, the equations dWdl^Xa = 0 and dWd/dXb = 0, 
solved simultaneously, will yield the required solution, for any 
given position of the unit load. 

These equations become 


dWd 

dXa 


- 2^ +*-21 


AE 


AE 


= 0 
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from which one may write 


6o0 + XaS aa + Xh^ah = 0 

8b0 + Xaha + Xb8bb = 0 


(a) 


these equations being identical with those obtained by the method 
of virtual work. If Eqs. a are solved simultaneously, the 
following results are obtained: 




^bo8ab 8ao6bb 

^aO^ab ^bO^aa 

^aa^bh — ^Ib 


In the foregoing equations, 5aa, 8ob, and 6bb are independent 
of the position of the unit load, hence need be computed but 
once. Moreover, 5ao equals 8bby owing to symmetry of the 
structure and symmetrical choice of redundants. 5oo and Sw 
have different values for each position of the unit load. Since, 
however, the primary structure is symmetrical, if the various 
values of 6ao are computed, values of Sw may be obtained by 
symmetry. As a further means of saving labor, it should be 
noted that for condition Xa = 1, only the members which com- 
pose the panel 4-6-5-7 are stressed, so that only the members 
in this panel will contribute to dao and fiaa; for the condition 
Xb = 1, only the members which compose the panel 6-8-7-9 
are stressed, so that member 6-7 is the only member in the 
structure for which the product FJF'b does not equal zero, and in 
consequence is the only member contributing to dab- Moreover, 
for this member, Fa = Fb, owing to symmetry. 
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In Fig. 86c the stresses Fa for condition Xa == 1 are given; 
in Figs. 86d and 86c the stresses Fo for condition X = 0 are 
shown, with the unit load at points 5 and 7, respectively. Con- 
sideration of the principles of statics permits an easy computation 
of the Fo stresses for other positions of the unit load. With the 
unit load at 3, the Fo stresses in panel 5-7 are equal to one-half 
those with the unit load at 5; with the unit load at 9 and 11, the 
Fo stresses are equal to two-thirds and one-third, respectively, 
of those with the unit load at 7. 

The computations arranged in tabular form are shown on p 
166. 

39. Influence Lines for Elastic Deflections. — If one is con- 
fronted with the problem of determining the maximum deflection 
due to moving loads, of a point on a structure, the influence 
line again serves as an expedient to determine the position of 



loads which will cause the maximum deflection and may be used 
as a basis for computing the value of the maximum deflection 
once this position of the loads has been determined. Influence 
lines for deflections may be constructed by investigating succes- 
sive positions of the unit load in a manner similar to that discussed 
in the preceding paragraph, the effect of each loading being 
investigated by one of the methods demonstrated in Chap. II. 
A more convenient approach, however, may be found. 

If a unit load is applied at m, as shown in Fig. 87, and the 
deflection curve is drawn for the points of application of the 
load system, the ordinate to such a curve at any point n is dnm. 
Now, by Maxwell's law, dmn — 5nm, so that the ordinates to the 
deflection curve are also ordinates which show the various values 
of the deflection of joint m as the unit load moves across the 
span; t.e., the deflection curve of the roadway due to a unit 
load at m is the influence line for 5m. 

To illustrate the application of this method, the maximum 
deflection of joint 7 of the truss in Fig. 88a due to a uniform 
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live load of 4,000 lb. per ft. will be determined. A unit load of 
1,000 lb. will be used in this computation, and the method of 
elastic loads will be employed to determine the deflection curve 
of the bottom chord due to the unit load at joint 7, which is 


(D -m/ ® -186/ © -8064 (D -80S.4 


WM) 



W J4) «/ 
S; 

0/0 5; 

/a (S02?) 

\-4C32 

- 


*403.2/ 

(^634) A 

iq 

S ‘A 

^*/209.6 

0 

% 

1 

J'o 

*403.2 


s^-40J2 


*403.2 


I 


® ® *2408 \(2) 


Stress Intensities 


6(^2S' - 

Fig. 88a. 


Total Stresses 



Fig. 886. 


shown in Fig, 886. Since this elastic curve is the influence line 
for the vertical deflection at joint 7 and all the ordinates to the 
curve indicate downward deflection, the area under the curve 
multiplied by the intensity of live loading gives the required 
maximum deflection. 


Angle 

Coefficient of cot a 
. 25 

Cota-g-j 

1 

Coefficient of cot 0 
cot/>-gg 

let 

term 

2d 

term 

E de 

1-3-2 

-11.74-16 31 -27.06 

-11.74- 0.0 --11.74 

-21.81 

-14.66 

+ 3.80 

2-3-6 

-1-21.96-15.31 - t- 6.64 

+21.96- 0.0 -+21.96 

+ 6.36 

+ 27.22 

3- 6-2 

2-5-4 

4- 6-6 

- 18.61-21.96- -40.66 
-18.61 + 19.94- -1- 1.33 

0.0 -21.96- -21.96 

-32.71 
+ 1.07 

-27.22 

- 16.82 

6-6-7 


+ 41.07 + 19.94- +61.01 


+76.68 
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E bim for 1,000-lb. load 
+ 98.16 X 25 = +2454 

- 3.80 

+ 94.36 X 25 = +2359 
+ 16.82 +4813 

+ 1108 X 25 = +2779 
-222.36 +7592 

-111. 18 X 25 = -2779 
+ 16.82 +4813 

-~94T^ X 25 = -2359 

- 3.80 +2454 

- 98.16 X 25 = -2454 

40. Influence Lines for Stress by Use of the Elastic Curve. — 

The use of the elastic curve and MaxwelFs law in constructing 
influence lines for deflections, and the advantage gained by 
their use, suggest a similar approach in constructing influence 
lines for functions such as bar stresses or reactions, through 
the application of Eqs. (61). 

Consider the application of these equations to the truss in 
Fig. 89a, which is symmetrical about the vertical center line. 
The cross-sectional areas of the members are given by the 
numbers in parentheses written on the left half of the sketch 
It will be assumed that there is no yielding of the supports. 
As the redundant force, the vertical component of the middle 
reaction, assumed acting up, will be chosen. Under these cir- 
cumstances the statically determinate primary structure is as 
shown in Fig. 896. 

If one writes Eqs. (61) for this structure, 

5a0 + A(|6oa — 0 

in which 5ao is the deflection of point a of the primary structure 
in condition X = 0. But, when one is determining the influence 
line, this condition reduces to a unit concentrated load at one 
of the joints m of the loaded chord, for which 


2454 

4813 

7592 

4813 

2454 

22126(25) = 553,000 = E (area) 
Therefore 

= 0.0738 ft. 

= 0.885 in. due to live 
load only 


0.0738 ft. 


5a0 — 5a m 
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Therefore one may write, when finding the magnitude of Xa due 
to the unit load at a joint m, 



All that must be done in order to draw the influence line for Xa 
is to draw the influence line for —8am and divide each ordinate 
by the quantity + 8aa- 

If the deflection diagram of the loaded chord is drawn for 
condition Xa = +1, the ordinates 8ma to this curve will, by 
Maxweirs law, be equal to 5am. Since the live loads, hence 
the unit loads at m from which the deflections 8ma would be 
computed by the method of virtual work are positive downward, 
upward deflections dma are negative and indicate negative values 
of 5am. 5aa is, of coursc, positive. 

The numerical solution follows. For convenience, use 


Xa — “ 1 - 1 , 000 , 


and find 5am X 10* and 5aa X 10*. In this particular problem, 
the absolute value of 5aa is equal to one of the particular values of 
5ma, so that no special computation is needed for its evaluation. 
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E 5^ 10* 


-377.08 X 30 = 

-11312.4 

+0.356 

+ 25.59 



-351.49 X 30 = 

-10544.7 


+ 76.76 

-21857.1 

+0.6865 

-274.73 X 30 = 

- 8241.9 


+217.56 

-30099.0 

+0.9455 

- 57.17 X 30 = 

- 1715.1 


+ 114.34 

-31814.1 

+ 1.000 

+ 57 . 17 X 30 = 

+ 1715.1 


+217.56 

-30099.0 

+0.9455 

+274.73 X 30 = 

+ 8241.9 


+ 76.76 

-21857.1 

+0.6865 

+351.49 X 30 = 

+ 10544.7 


+ 25.59 

-11312.4 

+0.356 

+377.08 X 30 = 

+ 11312.4 



0 



As a second illustration, the truss in Fig. 90a, in which there 
is one redundant member, will be investigated. The primary 
structure shown in Fig. 906 is formed by cutting the redundant 
member, for which bar 6-9 is selected, by a section; for con- 
venience the section will be taken just inside joint 6. Proceeding 
as in the last illustration, 



The deflection curve of the loaded chord, the ordinates of which 
are ^am ^may is drawn for condition Xo = +1. As in the pre- 
ceding illustration, upward values of dam are negative. This is 
shown in Fig. 90c. The influence line for is given in Fig. 90d. 
The method of elastic loads is used in determining values of 8ma. 
To find the elastic loads. 
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In this example the easiest way to find 8aa is by a direct 
application of the law of virtual work leading to 

So. = 2 ^“]^ 
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E Xa 

+0.02364 X 75 = +1.773 -0.2779 

-0.16602 

-0.14238 X 25 = -3.559 
+0.16619 -1.786 +0.2799 

+0.02381 X 75 == +1.786 
0.0 


41. Influence Lines for Trusses with Two Redundant Mem- 
bers. — The construction of influence lines for structures with two 
redundant members, based on the use of the elastic curve and 
Maxwells law, may be illustrated by an alternate solution to the 
problem solved in Art. 38 by investigating successive positions 
of the unit load. Referring to Fig. 86, one may write 


5a0 + Xa^aa + Xb^ah — 0 

6bo + Xa8ba + Xb8bb = 0 (a) 

If it is desired to draw influence lines, the deflection 6ao becomes 
the relative deflection inward, 5am, of the two points a of the 
primary structure, due to a unit load at joint m of the loaded 
chord, while 8bo becomes the relative deflection inward, 8bmy of 
the points b of the primary structure due to a unit load at joint m. 
By Maxweirs law 

5om “ and 8bm — 8mb 

and Eqs. (a) become 

5ma + Xa^aa + Xb^ab = 0 
6mb + Xa8ba + Xb^bb = 0 


Thus, the determination of influence lines for Xa and Xb resolves 
itself into the solution of a number of pairs of simultaneous 
equations, in which the coefficients of the unknowns are always 
the same, while the numerical terms dma and dmb may be obtained 
from the deflection diagrams of the bottom chord; dma from 
that corresponding to condition Xo = +1, and dmb from that 
corresponding to X*, = +1. What is probably the most con- 
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venient way of evaluating the coefficients 6aa, Baby and is by 
evaluating the equations 


2 nL 

AE’ 


AE ’ 


^AE 


This is the same procedure which was followed in the solution of 
this problem in Art. 38, from which the following results were 
obtained: Ebaa = +75.04; Ebab = +11.35; Eb^b = +75.04. In 
these equations E is in pounds per square inch, while 5aa, baby 
and biyb are in inches. If the deflection units are changed to 
feet, the following values are obtained: 


Ebaa = +6.2623; Ebab = +0.9482; Eb^ = +6.2623 

To find the elastic loads in condition Xa == +1, referring to 
Fig. 91a 
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-1-0 0505 -f 0.01249 - +0 06299 

-1-0 0505 -f 0.03804 - -f 0.08854 

-hO 0508 

-1-0.1098 

-0.1606 

6-7-4 

4-7-6 

-0 01128 - 0 0505 = - 0 06178 

-0 03804 - 0 0505 - -0 08854 

-0 0498 

-0 1098 

-1-0.1596 


+0.1606 X 4 = +0.6424 - 0.02726 X 50 = -1.363 

-0.1596 X 3 = -0.4788 +0.1606 

+0.0010 6 ) +0.1636 + 0.1333 X 25 = +3.333 

-0.02726 0.02726 down -0.1596 +1.970 

-0.02626 -0.02626 X 75 = -1.970 

0.0 

The elastic loads together with the curve of Ebma are given 
in Fig. 915. It may be seen that condition Xh — +1 is the 
complement in symmetry of Xa = +1. Hence no separate 
computation need be made for the elastic loads for condition 
Xh - +1, or, indeed, for the Ebhm curve. 
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The solution of the five sets of simultaneous equations follows. 
It is to be noted that instead of using the coefficients 6aa, 


Xa 

Xk 

Numerical term for unit load at joint 

3 

6 

! 

7 1 9 

1 

11 

-f-6.262 

+0.9482 

+0.9482 
+ 6.262 

-0.6816 

+0.666 

-1.363 
+ 1 313 

+ 1.970 
+ 1.970 

+ 1.313 
- 1 . 363 

+0.656 - 0 
-0.6816 - 0 

+0.9482 

+0. 1436 

-0. 1032 

-0 2064 

+ 0.2983 

+ 0. 1988 

+ 0 0994 - 0 


+ 6.1184 

+0.7698 

+ 1.5197 

+ 1.6717 

-1.5621 

-0.7810 * 0 

1 

= -0.1242 

-0 2484 

-0.2732 +0.2558 

+ 0.1176 

0.9482X8 

« -0.1178 

-0.2355 

-0.259lj +0.2421 

+ 0 1210 

6 262 Xa 

- +0 7994 

f 1 . 6988 

-1.7109!- 1.5556 

1 

-0 7.777 

X« 

» +0.1276 

+0.2552 

-0.2732j-0 2483 

-0. 1242 


^bb) the quantltics E ^aaf E E Sbby E bmii} E are 

used, which is the same as multiplying both sides of each equation 
by E, 
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The influence lines for the members 5-6 and 6-9 are shown in 
Fig. 91c. It may be noticed they are complementary in sym- 
metry, as might be expected from the symmetry of the truss. 

Another interesting application of these ideas is the analysis 
of the arch shown in Fig. 92a for which conditions Xa = +10* 
and Xb = + 10* are shown in Fig. 926 and 92c. 



The dimensions of the structure are as shown in Fig. 93a, 
the stress analysis for condition Xa = +1,000 in Fig. 936 and 
for condition Xb = +1,000 in Fig. 93c. 

The live load for this structure moves along the top chord. 
Therefore the values Sma required are the deflections of the 
joints of the top chord. These might be obtained by drawing 
a Williot diagram for the structure, by successive positions of 
the unit load and the application of Castigliano^s law or of the 
theorem of virtual work, or by using the bar-chain procedure. 
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If the last mentioned is adopted, two methods are available: 
First, to use the bottom chord as the bar chain, find the deflec- 
tions of its joints, and, from these, find the deflections of the 
joints of the top chord; and second, to use the top chord as the 
bar chain. The use of the top chord is the more convenient so 
far as finding the values of 6ma is concerned, but, looking ahead 



to the problem of finding daay the use of the bottom chord may 
offer advantages. This is because one may use Eq. (55) to 
find 8aa without much labor if the bottom chord is used. Finding 
first the changes d<t>y the tabular form used is different from that 
used before because there is so much variation in the angles of 
the trianglea forming the truss. For condition Xa = +1,000, 
E da = (Ja - fh) cot 7 + (/a ~ fe) cot /3. 
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For condition Xb = +1: 

Changes of Angle 


Angle 

/a - fh 

cot 7 

fa — fe 

cot /3 

First 

term 

Second 

term 

E dip 

10-9-12 ! 
12-9-11 

-23.61-66.81 - 
-80 32 

0 0 

0.4646 

-30.96 - 66 81 - 
-87.77 

2.20 

- 36.61 

-193.06 

f + 229.66 

9-11-12 

-f- 56. 81 +24.28 - 
+81.09 

2 20 

+ 66 81+23.61 - 
+ 80.32 

0.4646 

+ 178 38 

+36 61 

-214.89 


In condition Xb = +1, for every joint, either tan 0m = 0 or 
/mb — 0; also either tan Bm+i = 0 or/(m+i)b = 0, so that Wm = 

To find daaf Eq. (55) will be used. Since a = 0 this equation 
becomes 

dL — mXVma "4” 2 dLma SCC Sm 


The evaluation for condition Xa = 1000 is in the table below. 


m 

ym 

EWma 

Ey m'^ma 

fma 

Lm 

sec dm 

EdL„. 
sec e„ 

1 

0 

0 

0 

0 

0 

0 

0 

3 

16 

-102.21 

- 1635 

- 19.17 

27.20 

1.236 

- 644 

6 

28 

-139.56 

- 3905 

- 29.86 

25.06 

1.140 

- 853 

7 

36 

-436.69 

-16700 

- 61.36 

23.41 

1.063 

-1277 

9 

40 

-858.48 

-34400 

- 96.80 

22.36 

1.016 

-2195 

11 

40 

-852.58 

-34076 

-133.34 

22.00 

1.000 

-2936 

13 

36 

-436.59 

-16700 

- 96.80 

22.36 

1.016 

-2196 

16 

28 

-139.56 

- 3906 

- 51.36 

23.41 

1.063 

-1277 

17 

16 

-102.21 

- 1636 

- 29.86 

25.06 

1.140 

- 863 

19 

0 

0 

0 

- 19.17 

27.20 

1.236 

- 644 


2 E dLma sec 0m = - 12873 
XEymWma = -110955 

EdL = -123828 


Therefore Ebaa X 10* = +123828 (points move inward). 
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m 

Vm 

EWmb 1 

EymW^nb 

f mb 


SGC dm 

EdL^ X 
sec 0„ 

9 

40 

+229.56 

+9177 

0 

22.36 

1.016 

0 

11 

40 

-214.89 

-8590 

-24.28 

22.00 

1.000 

-534.2 


:^Ey„w„b = +- 587.0 

2 E dLmb sec e„ = — 534 . 2 

E dL = + 52.8 

E8^ X 10’ = - 52.8 


To find &bb, use ESw = 2 


Bar 

L 


Fb X 10^ 

A 

10-12 

22 

29.4 

- 910.4 

+ 620.30 

9-11 

22 

37.5 

- 910.4 

+ 486.40 

9-10 

10 

17.6 

- 413.8 

+ 97.29 

11-12 

10 

17.6 

- 413.8 

+ 97.29 

9-12 

24.17 

17.6 

+ 1000 

+ 1373.00 

10-11 

24.17 

17.6 

1 

+ 1000 

+ 1373 00 



1 

i 


+4047.28 


ESbb X 10’ = 4047.3 


Computation of S^q 
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102.2 X 1 = 

102.2 


139.6 X 2 = 

279.2 


436.6 X 3 = 

1309.8 


852.6 X 4 = 

3410.4 


858.5 X 5 = 

4292.5 


436.6 X 6 = 

2619.6 


139.6 X 7 = 

977.2 


102.2 X 8 = 

817.6 


= 3067.9 

9)13808.5 


= 1534.3 

Vtr = 1533.6 down 

1534.3 down 

E X 10» 

bottom 

EdLX 10» 

E «„« X 10» 

chord 

verticals 

top chord 

-1534.3 X 22 = - 33755 

+ 839 

- 34594 


+ 102.2 


-1432.1 

X 22 = - 31505 



+ 139.6 

- 65260 

+ 1033 

- 66293 

-1292.5 X 22 = - 28440 



-h 436,6 

- 93700 

+ 516 

- 94216 

- 855.9 

X 22 = - 18828 



-f 858.5 

-112528 

0 

-112528 

+ 2.6 

X 22 = + 57 



+ 852.6 

-112471 

0 

-112471 

4- 855.2 

X 22 = + 18818 



+ 436.6 

- 93653 

+ 516 

- 94169 

+ 1291.8 

X 22 = + 28418 



+ 139.6 

- 65235 

+ 1033 

- 66268 

+ 1431.4 

X 22 = + 31500 



+ 102.2 

- 33735 

+ 839 

- 34574 

+ 1533.6 X 22 = + 33735 




0 

+ 1119 - 

1119 


+214.9X4= + 

859.6 



-229.6 X 5 = - 

1148.0 



- 14.7 9)- 

288.4 



32.04 

32 . 04 up 



+ 17.34 up 
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E 8^ 

X 10» 
bot- 
tom 
chord 

- 32.04 X 88 = -t-2819 
-229.6 


-197.56 X 22 = -4345 


-1-214.9 -1526 


-f 17.34 X 88 = -1-1526 


The equations available for the determination of the various 
values of the redundant forces, set up and solved in tabular form 
as shown on p. 184. 

The influence lines for Xa and Xi, are shown in Fig. 95. 



E 8mi 

E dL X X 10» 
10* ver- top 
ticals chord 
-235.1 -1-3,054 


-235.1 -1,291 


42. Influence Lines for Beams with Fixed Ends. — Influence 
lines for moment-resisting structures may be constructed by the 
same general methods available for trussed structures, although 
it may be convenient to employ some of the special methods for 
determining deflections in moment-resisting structures which 
were demonstrated in Chap. II. The variation in methods of 
computing deflections leads to variations in ways of drawing 
influence lines. Consideration of the beam with fixed ends 
shown in Fig. 96a will permit an illustration of these methods. 
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If axial stresses are neglected, as they may be when the loads 
have no axial components, we may treat the beam as though it 
were statically indeterminate to the second degree only. Suppose 
it is desired to draw the influence lines for the redundant reactions 
of the beam under consideration, basing the solution upon the 
law of virtual work. Assuming no | 

abutment yielding or temperature T ^ 

change 


P-T 


5am + Xa^aa + Xb^ab = 0 
6bm + Xa^ba + Xh^bb = 0 




If the vertical-reaction component “ 

and the fixing moment at the right 

support are chosen as redundants, the statically determinate 
primary beam is that shown in Fig. 966. 

For condition Xa = + 1 


r Tu 

*1^ L* 

ElSaa = 1 U* dw = -= 


Jo L3 

Jo 3 



ElSba = J u( + l)du = 1 

. 2 ! - +2 


For condition Xb = +1 


Eldbb - 
For condition X 


= (+l)(+l)du = = 


El5am = J* (— r)(x' + v)dv = (— wt' — 




_ "’T _ 

x'x* 

x» 


2 

3.0 

2 

" 3 


(— «')(+l)<ia 


= _5* 

L2jo 2 


The equations to be solved, with both sides multiplied by El, 
become 

2 3 ^“3 ^‘2 ® 
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which solved simultaneously, lead to 


X. = - 


2V 


X^X 

u 


In the foregoing illustration, the deflections 8oay 8bay 566, 5om, 
and hm might have been computed by the moment-area theorems. 
Referring to Fig. 976 where the moment curve for Xa = +1 is 
shown, one may write 


J i 5^ - +T 
EIS^ = ^ L = 

_ Lx 2 x'x X 

tildam - 2 3^ 2 3 

_ _ ?! 
“ s' "2 3 


These deflections are shown in Fig. 97c. Referring to Fig. 97d, 
am *. which gives the moment curve for 

^ r 


- - X x' i 



(negati\/e) 


I 


m 


®bm (negaf/ve) 
Fio. 97. 


(a) 


(b) 




Xh = + 1 , 


Eldbb = L(-|-l) = -hL 

Elh. . -»(1)(5) . 


(d) 


yo 


These deflections are shown in Fig. 
97e. They agree with the results 
obtained by the method of virtual 
work and lead, of course, to the 
same solution. 

The same problem may be solved 
by using the slope-deflection equa- 
tions (76). It is to be noted that 
and and end moments Ma and Mb are taken as 
The equations 


(C) 


angles day Bby 
positive when they are clockwise 
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*1EI 2 

M, = -^(2ea + 06 - 3^) + ^,[(il/.)oa - 2 (M.)o6] 

o 1^7 o 

M* = -^(0, + 2e, - Zi) + p[2(M,)oa - (M,)o6] 


become, since da = 6b — i/ = 0, 


Ma = - 2(M.)o6]; 


Mb = ^,[2(iW.)oa - (M.)» 


Referring to Art. 33 in evaluating (Jlf,)oa and {M,)ob, 


Ma 


x{x'Y 


Mb = = -Xb 


(see Fig. 97) 


Taking moments about the left end of the beam, 

+ l(x) + Mb + Ma - XaL ^ 0] ^ 

2x2x' 

L2 ”17“ 

The results agree with those obtained by the method of virtual 
work. 

43. Influence Lines for Beams with Restrained Ends and for 
Continuous Beams. Use of Statically Indeterminate Primary 
Structures. — If one considers the equation 

5a = 5a0 + Xa^aa + Xh^ab + Xc^ac + ’ • ’ + 5a« (u) 

where 5ao is the deflection of point a of a statically determinate 
structure under the known loads only, baa is the deflection of 
point a of the primary structure due to Xa = +1, ^ab is the 
deflection of point a due to Xb = +1, and so on, it is evident 
that this is merely an application of the law of superposition of 
effects to the deflection of point a. If a structure statically 
indeterminate to the nth degree were under consideration, the 
same idea could be expressed by the equation 

ba = 5'o + Xa + 5', (6) 

in which 6' o means the deflection of point a of a primary structure 
which is just like the original structure except that one redundant 
restraint has been replaced by the force, or moment, designated 
by Xa. This primary structure is redundant to the degree 
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(n — 1). If 6a is known, as it must be before the structure can 
be analyzed, and if one can evaluate 5'o and 6^^, Xa can be found 
without solving simultaneously n equations of the form of Eq. (a). 
This idea may be used to advantage in drawing influence lines 
for restrained and continuous beams and, in fact, is the basis 
of the mechanical methods of analysis such as the Begg^s method 



or the Gottschalk ^^Continostat/' 
As a first illustration the beam 
with fixed ends as shown in Fig. 98a 
will be considered, drawing, first, 
the influence line for the vertical- 
reaction component Xa at the right 
end. The primary structure to be 
used is a beam fixed in direction at 
both ends and restrained against 
vertical movement at the left end, 
but having no restraint against 
vertical movement at the right end. 
If a vertical force Xa is applied 
to stop this vertical movement 
at the right end, it must be such 
that 8a = 0. In drawing the 
influence line, where the lead 
system consists of a single unit 
load at point m, m being at dis- 
tance X from the left end and x' 


from the right end, Eq. (6) becomes 


Kn. + Xa 6L = 0 



just as if the structure were statically indeterminate to the first 
degree only and the problem resolves itself into that of finding 
the value of 6^ and the various values of 5'^ as x varies, the 
only diflference being that the primary structure is indeterminate 
to the first degree. There are several ways of analyzing condi- 
tion X = +1; the moment-area theorems will be used. The 
change of slope between two points being equal to the area 
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under the M/EI curve between the two points, and I being 
constant over the span, 


- 0 

Therefore Mia = M^a 

Then, applying 2M = 0 about point 1, we get 
+ Mia - 1 X L + Mia = 0 
Therefore Mia = M 2 a 


To compute the quantities 5^,^^ and 5^, the second moment-area 
theorem is used, which leads to 


El 5L == 


Lx2 


2 23 

x^x 

~~6 


X X X X X X 

2 23 "^223 


12 ^ 12 


El 5^ is the minus value of El 6^ for x' = 0, x = L, hence 

1 3 / 3 / 3 

- +T - K - 12 

El 5'^ being positive downward and El 5'^^ being positive upward. 

—2Lx^ — xV + I’l 


Y = = _[ 

Ei&L L' 




x^i2x + 2x' + x' — x) 
L’ 

x^(x -|- 3x') 

x^L + 2x^x' 

IJ 




which agrees with the expression of Art. 42. 

In finding the influence line for Xb, the primary structure 
to be used is as shown in Fig. 98/. In order to find Mib one 
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may use the second moment-area theorem to express the vertical 
deflection of point 2, which must be zero. 


^ L2j ^ L L ^ 
Afii = i X 3 = i 


Then 


El su = + 


2 2 3“' ' 2L2 3 
X* . xV 


XXX 

L23 

X* 


,xV 

4L 


2x) = +~{Sx') 


In this case 5^ is the change of slope between points 1 and 2 
and is positive counterclockwise. Using the first moment-area 
theorem, 

Etsu- -55 + t§- +§ 


Therefore 

^ _EI 8U ^ _xV 4 ^ 

El dU 4L L L2 

which also agrees with the results obtained previously. 

It is not suggested that this method is any better in this 
particular problem than methods presented previously, but 
it is a good illustration of the use of the indeterminate primary 
structure. 

It would be possible also to use, instead of Xa = +1, Xa = +Q, 
where Q is some force whose magnitude is chosen arbitrarily. 
In such circumstances one would determine, by a procedure 
exactly the same as that just used, the quantities El 5^ Q and 
El Q and could write 

EIQ 6L 


It does not matter whether the deflections are computed 
as shown or whether one uses a model, producing the deflections 
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Q 6^ and Q 6^ by the application of an arbitrary force Xa - +Q 
and measuring the deflections produced, or, what amounts to 
the same thing, introducing an arbitrary deflection Q and 
measuring the resulting deflections Q and obtaining the 
influence ordinates as the various values of 

_QJL 

OC 

Similarly, to obtain the influence line for one could introduce 
an arbitrary deflection Q 5^, measure the resulting deflections 
Q and obtain the influence ordinates as the various values 
of the ratio 


— Q 
Q 

This procedure can be followed for any structure, no matter 
what the degree of indeterminacy, and is, in fact, the procedure 
followed in the Beggs method of mechanical analysis. It should 
be pointed out that the theory is applicable only when the distor- 
tion of the structure is small, so small, in fact, that it may be 
considered infinitesimal and that infinitesimals of the second 
order may be neglected in comparison with the first. This 
requirement is satisfied in the Beggs method, where the dis- 
tortions used are so small that microscopes are used to measure 
them. In the use of the Gottschalk continostat, however, the 
distortions of the model are usually so great in comparison with 
the dimensions of the model that they cannot be considered 
infinitesimal and, consequently, the results obtained must be 
approximate only. 

This same idea may be used to advantage in drawing influence 
lines for the redundant forces in continuous beams. Consider 
the beam shown in Fig. 99a. To draw the influence line for the 
moment over support (2), use the primary structure in Fig. 996. 
Condition Xa = + 1 is shown in Fig. 99c. In order to determine 
the deflections 5^, draw the curve of bending moments for 
condition Xa = +1 and use the method of elastic loads, using 
as the elastic load the curve of bending moment just mentioned. 
The 5^^ curve is shown in Fig. 99c. The ordinate to the moment 
curve for Xa = +1 at joint 2 is unity, and the curve is completely 
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defined as soon as the ordinates at joints 0, 1, and 3 have been 
determined. To find these ordinates consider the equations 
arising from the application of the equation of three moments to 
condition Xa — +1; I\ = I 2 = Iz = I a- 



2Mo X 12 + 12Mi = 0 
Mo = -|m. 

12Mo + 2M,(12 + 10) + IOM 2 = 0 
in which Mj = +1- 

M,(24 - 6 + 20) + 10 = 0 
Ml = -^ = -0.2632 
Mo = +0.1316 

Also 14Mj + 2M,(14 + 8) + SM. = 0 

in which Mj = +1, Mt = 0 

+ 14 + 44M, = 0 

M, = ~ = -0.3182 
44 

To compute the 51. curve for span 0-1 

125.0 = +0.1316 X ^ X 8 - 0.2632 X ^ X 4 
5.0 = +0.5264 - 0.5264 = 0 





Fio. 100. 


which is what should be expected, since the beam is fixed at 
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point 0 and the reaction due to elastic loads is equal to the slope 
at that point. 

to 19 

S'l = -0.2632 X ^ ! 0.1316 X y = -0.7896 

K C - -0.1316? |x - 0.13 i 4 II + 0.2632i 1 1 
= -0.04386x>* - 0.001829x'x2 + 0.003657x’ 


X 

x' 

-0.04386X* 

-0.001829x'x» 

I ! 

-h0.003657x» 

El C 

0 

12 

-0,0 

0.0 

0.0 

0.0 

2 

10 

-0.1755 

-0.0731 

-hO.0293 

-0.2193 

4 

8 

-0.7019 

-0 2341 

4-0.2340 

-0 7020 

6 

6 

- 1 5792 

-0.3951 

4-0.7899 

-1 1844 

8 

4 

-2.8075 

-0.4682 

+ 1.8724 

-1.4033 

10 

2 

-4.3867 

-0.3658 

+3 6570 

-1.0955 

12 

0 

-6.3168 

0.0 

; -6.3168 

1 

0 0 


10 2 

los;; = -0.2632 X Y X 5 X 



/o 


To compute El for span 1-2, 

10 ^ 2 

10 10 

10 + 1.0 X ^ X y s;, I ls;2 

S'.i = -0.8773 -h 1.6 = -1-0.7893 

lOS:, = -0.2632 XyXy-fl.OXyXgXlO 

= -4.386 -h 33.3 = -1-28.946 
SU = -1-2.8946 

El C . +O.V893X + 0.2632? ?x + 0,2632?! | ? - ^ ? ? 

= -t-0.7893x -t- 0.08773x2 -|- 0.004386x'x2 - 0.0167x2 


X 

x' 

+0.7893X 

+0.0S77ix* 

+0.004386x'x* 

-0.0167x3 

1 

El Stna 

0 

10 

0.0 

0.0 

0.0 

0.0 

0 0 

2 

8 

+ 1.5786 

+0.3509 

+0.1404 

- 0.13 

+ 1.936 

4 

6 

+3.1572 

+ 1.4037 

+0.4211 

- 1.06 

+3 915 

6 

4 

+4.7358 

+3.1584 

+0 6317 ! 

- 3.60 

+4.926 

8 

2 

+6.3144 

+5.6149 

+0.5615 

- 8 53 

+3.958 

10 

0 i 

+7.893 

+8 7733 

0.0 ! 

-16.6 

1 

0.0 
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To compute El for span 2-3, 

14S;,' = -1-1.0 X ^ X I X 14 -h 
14 14 14* 

0.3182 X y X y = ^(+2.0 - 0.3182) 
Pio. 102. s.'i = y(-t- 1.6818) = -1-3.924 

14S;, = -1-1.0 X y X y - 0.3182 X y X I X 14 
= ^*(+10 -h 0.6364) 

S', = ^(-1-0.3636) = -1-0.8484 

El = -l-3.924a; ~l 2 3^~^T423'^ 0.3182j^ 2 3 
= -1-3.924X - f - ^ + 0.003788X* 



X 


-I-3.924X 

X* 

■3 


+0 003788x3 

El C. 

0 

14 

0.0 

0.0 

0.0 

0.0 

0.0 

2 

12 

+ 7.848 

- 1.3 

-0.5714 

+ 0.0303 

+5.974 

4 

10 

-hl5.696 

- 5.3 

-1.9048 

+ 0.2424 

+8.700 

6 

8 

+23.544 

-12.0 

-3 4286 

+ 0.8182 

+8.933 

8 

6 

+31.392 

-21 3 

-4.5714 

+ 1.9395 

+7.427 

10 

1 4 

+39.240 

-33.3 

-4.7619 

+ 3.7880 

+4.933 

12 

2 

+47.088 

-48.0 

-3.4286 

+ 6.5456 

+2.205 

14 

0 

+54.936 

-65.3 

1 ! 

00 

+ 10.3943 

0.0 


To compute El 5j^ for span 3-4, 


8 S.'i = -0.3182 X s X 5 X 8 


S'A = - 

Se4 = 

El 5'^ = 


2.5456 

3 

0.4242 


2 3 

-0.8485 


0.4242X' -1- 0.3182| | ^ 


= -0.4242x' -1- 0.006629x'* 


QJ/82 

s'ia 




tsi4 


Fio. 103. 
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X 

x' 

-0.4242a;' 

1 + 0 . 006629a:'’ ] 

eTsZ 

0 

» 

-3.3940 

! 4-3.3940 

0.0 

2 

6 

-2.5455 

+ 1.4319 

-1.1136 

4 

4 

-1.6970 

4 9 4243 

-1.2727 

6 

2 

-0.8485 

+0 0530 

-0.7955 

8 

0 

-0.0 

j 0 0 

0.0 


In this problem 5'^ is the relative rotation of the two tangents 
to the elastic curve for condition Xa = -f 1, one just to the left 
of point of support 2, and the other just to the right of that 
point. The slopes of these two tangents are the reactions >S^ 
and ^S' 2 , but as compared here both slopes have been computed 
including the factor EL From the computation of 
for span 1-2, we find El S '2 = +2.8946, the positive sign indicat- 
ing that the tangent has rotated in a counterclockwise direction. 
Similarly, from the computation of El for span 2-3, we find 
El SI /2 ~ +3.924 which here indicates rotation in a clockwise 
direction. Both of these rotations, however, are in the same 
directions as the corresponding moments Xa = +1 and therefore 
contribute positive terms to the quantity 5'^. Therefore, 

El 5 ;^ = 2.895 + 3.924 = +6.819 

El 5' 

The ordinates to the influence line for Xa being equal to —-Tyj-zT'' 

El 

are found as below. 


Span 0-1 

Si)an 2-3 

X 


Aa 

X 

El 

Aa 

0 

0.0 

0.0 

2 

+ 5 974 

-0.8765 

2 

-0.2193 

+0.0322 

4 

+8.700 

-1 276 

4 

-0.7020 

+0 1030 

6 

+8 933 

-1 .3105 

6 

-1.1844 

+0 1738 

8 

+7.427 

-1.0895 

8 

-1.4033 

+0.2058 

10 

+ 4 933 

- 0 7236 

10 

-1 0955 

+0.1607 

12 

+ 2 206 

-0 3235 

12 

0.0 

0 0 

H 

0 0 

0 0 

Span 1-2 

Span 3-4 

2 

+ 1.936 

-0.2841 

2 

-1.1136 

+0.1633 

4 

+3.915 

-0.5742 

4 

-1 2727 

' +0 1867 

6 

+4 926 

-0.7226 

6 

-0 7955 

+0.1167 

8 

+3 958 

-0.5806 

8 

0.0 

0 0 

10 

0.0 

0.0 



i 
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44. The Fixed -point Method. — In cases where there are a large 
number of spans, it may be convenient to have some of the labor 
of solving the sets of three-moment equations done in advance, 
as much, in fact, as can be done without taking into account the 
details of the particular problem in hand. Referring to Fig. 104, 
which illustrates the condition which may be expected between 



the point of application of a redundant moment and the left end 
of a beam supported over a number of spans, equations may be 
written as follows; 


ML{ + 2M^iLi + L') 

+ MJ^i 

= 0 

+ 2Af ,(LJ + L\) 

+ MJ.i 

= 0 

+ 2M,(Li + Li) 

+ MLi 

= 0 

Mr-L'r + 2Mr{Li + 

) + Mr+lL'^1 

= 0 


where L' = Lr/Ir 

If Ml — 0, M 2 = —fM 2 Mzy where ^2 
The second equation becomes 


L'z 

2{Li + LJ) 


M,[-M2Li + 2(LJ + Li)] + MX\ = 0 


from which 


Ml — —fizMiy 


where 


M3 = 




+ 2(L' + Li) 


Similarly, the third equation becomes 

M4[-m3L'4 + 2 (l; + LI)] + m^l; = o 

from which 


Ma = —fiiMsy where 
In general, one may write 


U4 


L', 

-nM + 2(L; + Li) 


L'r 

+ K) 


Mr -1 = — Mr-iMr, whepc 


Mr-1 
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Since fir is always less than 1 and is positive, the support moments 
Afr-i, Mry Afr+i, etc., must alternate in sign. Hence the moment 
curve for such a condition is as shown in Fig. 104, and the ratio 
between the support moments 3fr-i/Af, = — /Xr-i. It is evident, 
also, that the ratio between the distances of the point of inflection 
in a span from the spanks outer and inner ends, respectively, 
is the jjL for that span. If the outer end of the continuous beam 
had been fixed, i.e., at support r, L' ^ 0 and the coefficient for 
the end span becomes 

^ LUr ^ 1 

+ 2(0 + L:+.) 2 

For illustration, this idea will be applied in the determination 
of the influence line for the moment at support 3 of the beam 
shown in Fig. 105. I is constant throughout the 5 spans; 



Fiq. 105. 


therefore one may use Lr in place of L'. To draw the curve of 
bending moment for condition Xa = +1, 

Ml = ^ Ms = +1 

10 _ 10 _ 2 2 

X 10 + 2(10 + 10) 35 7 "7 

Ml = 


Using /i' to indicate the coefficients for the right-hand part 
of the beam, 
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, K 

- 2(14+, + L ') 

m; = 0 

/ _ 10 _ 1 
2(10 + 10) 4 


-J X 10 + 2(10 + 10) 

Mf, = 


Mt = +1 

"• - -A(+« - -Ti 

10 ^ 4 
37.5 15 



Me = 0 


The moment curve being obtained in this way, values of and 
6^ may be computed by methods already illustrated, and the 
influence line for Ms easily obtained. 

It might be well to point out that as a further alternative 
approach to the determination of the ordinates to the moment 



Fio. 106 . 


curve for condition Xa = +1 the method of moment distribution 
may be used. 

The same general procedure may be followed when the redun- 
dant under investigation is a reaction, though in this case it 
will be convenient to change some of the details. For illustration, 
the influence line for the reaction at support 3 of the beam in 
Fig. 105 will be drawn (see Fig. 106). Since the influence 
line for Xo is obtained from the —6ma curve by dividing each 
of the —dtna ordinates by +5aa, it is possible to think of the 
influence line as the deflection curve obtained by using an elastic 
loading whose ordinates are the ordinates —Mai El divided 
by +5aa, in which case the moment curve for the elastic load 
has an ordinate of one at support 3. Also, since the elastic 
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reaction for any span represents the slope of the beam at. that 
point, the elastic reaction at support 1 is zero. The sum of 
the elastic reactions at support 2 from span 1-2 and span 2-4 is 
zero. Similarly the total elastic reaction at support 4 is zero 
as is also the total elastic reaction at support 6. These facts, 
together with the coefficients m as used in the previous problem, 
should serve to determine the ordinates z which define the 
elastic-load curve. Thus, 


Zl = —H\Z 2 = 

Z6 = 


10 


-Mo(0) + 2(0 + lof* 2** 


= 0 


= -|24 


tigZt = 0, Therefore 
10 _ 1 
0(10) + 2(10 + 10) “ 4’ 

For span 2-4, 

2 os;' - .^(lo + 1 X xo) + .^(lo + ^ + ?io) 




10» .. , 10* , 10* 

= (6) + 2»-^(0) + 24-^ 

S ' t ’ = ^( 52 , + 62, + 24) 
Since the deflection at joint 3 = 1, 
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lOSV 
50 


10 2,. 
2,y X glO 


10 ^ 10 , 

X = 1 


50, 


g (522 + 023 + 24) - ^(422 + 22.) = 1 


6 


(22 + 428 + 24 ) = 1 


For span 1-2, 


mo/ 10 1 10 2 ^ 

lOS, = 2l-^ ^ “1" X g X 10 

lOS^ = ■q"(22i + 422 ) 

iSJ == ^{zi + 2zt) 


in which 21 = —^22 
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Therefore 


Si 



Similarly, S'/ = ^(224 + Zh)y in which Zf, = hence 



Therefore we have, from Si + Sj' = 0, 

+ 62, + 24) + |(32,) = 0 

i.e., 

SZi + Ozs “1“ ^4 = 0 

and, from + S'/ = 0, 

g(22 4- 62:8 4“ 5 ^ 4 ) 4- ~ ^ 

Z2 4- 62:3 4 “ "^2:4 = 0 


Solving these equations 


Zt 

Zj 

Zi 

Num. 

25 

8 

2 

100 

6 

12 

25 

1 

17 

^ 82 , + 0.26652 - 0.027835 = 0 

“ 2 j = -0.029836 

8 

2 

32 

8 

8 

2 

0.96 

0.24 


+ 26 

4 

+ 7 

15 

+0 96 262, - 0.194845 = +0.96 

-0.24 2 , = +0.04442 


4 

-h 1.0771 

+0.1477 



-f 13. 9229 

-0.3877 24 = -0.027835 


Therefore zi * -1-0.014918 
24 = -hO. 006959 
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To find Xa, for span 1-2, 


Therefore 


S'( = 0 


„ X 2 ( x' . x\x X 

“ “^‘2 3^ " VT, + 3 
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X 

X 

T, 

x' 

L, 

-h22:i 

x' 

X 

V. 

X* 

X. 

0 

0.0 

1.0 

-1-0.029836 

+0.014918 

-0.0 

+0.044754 

-0.0 

1 

0.1 

0.9 

-hO. 029836 

+0.013426 

-0.002984 

+0.040278 

-0.006713 

2 

0.2 

0.8 

-i-0. 029836 

+0.011934 

-0.005967 

+0.035803 

-0.023869 

3 

0.3 

0.7 

+0.029836 

+0.010443 

-0.008951 

+0.031328 

-0.046992 

4 

0.4 

0.6 

+0.029836 

+0.008951 

-0.011934 

+0.026853 

-0.071606 

5 

0.5 

0.5 

+0.029836 

+0.007459 

-0.014918 

+0.022377 

-0.093237 

6 

0.6 

0.4 

+0.029836 

+0.005967 

-0.017902 

+0.017901 

-0.107406 

7 

0.7 

0.3 

+0.029836 

+0.004475 

-0.020885 

+0.013426 

-0.109646 

8 

0.8 

0.2 

+0.029836 

+0.002984 

-0.023869 

+0.008951 

-0.096476 

9 

0.9 

0.1 

+0.029836 

+0.001492 

-0.026852 

+0.004476 

-0.060426 

10 

1.0 

0.0 

+0.029836 

+0.0 

-0.029836 

0.0 

0.0 


For other spans, the procedure is similar. 




CHAPTER V 


SECONDARY STRESSES IN TRUSSES 

46. Introduction. — Stress analysis for trusses, as it has been 
discussed so far, has been based on the following assumptions: 
(1) The members of the structure are connected to each other by 
frictionless pins; (2) the external loads, assumed to include the 
weight of the structure, are applied at the joints; (3) the axes 
of the members are straight; (4) the gravity axes of the members 
meeting at a joint intersect in a point; (5) a truss is subjected 
to external forces in its own plane only. These assumptions are 
not in accord with the facts. Assumption (1) is never true, even 
in a pin-connected truss, because no member can turn on a pin 
without frictional resistance and in a truss with riveted joints 
the gusset plates exercise considerable restraint when the mem- 
bers tend to change their directions relative to each other as the 
truss is distorted under the loads. If the structure is well 
arranged, assumption (2) may be satisfied by the way in which 
the live loads and the weights of the floor system and bracing 
are applied, but each member of the truss must act as a beam in 
supporting its own weight. Assumption (3) is in error only to a 
small extent, this being due to the inability of manufacturers to 
fabricate members which are completely straight; such imperfec- 
tions are important mainly in compression members and column 
formulas are designed to make allowance for them; they will not 
be discussed further here. Assumption (4) is satisfied at most 
of the joints in heavy trusses but is almost always untrue in 
the lighter roof trusses. These remarks apply to all trussed 
structures. It is to be remembered that very few trusses exist 
as complete structures; almost all are units of more complicated 
frameworks which are three-dimensional rather than planar. 
Except in three-dimensional analysis, it is assumed that a truss 
will be called on to carry loads in its own plane only and will 
not be affected by stresses in other parts of the structure. Often, 
however, the distortion of members lying in a plane other than 
that of the truss under consideration will cause a truss which 
was initially planar to distort in a nonplanar fashion, or, if 

202 
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one or more of the members of the truss act also as members 
of a truss lying in another plane, loads applied in this second 
plane may cause ‘‘participating stresses in the members of the 
first truss. A typical example of such action occurs in the 
reciprocal effects of the stresses in the members of the vertical 
trusses and the stresses in the members of the lateral bracing 
trusses of a truss bridge. 

These considerations lead to the conclusion that the customary 
stress analysis does not take into account many of the conditions 
existing in a truss and that the results obtained, the so-called 
“primary stresses/' do not present a true picture of the condition 
of stress. The stresses due to conditions which have not been 
considered in the primary-stresses analysis are called “secondary 
stresses." Of these, the most important are those due to the 
fact that the members are not free to change their relative 
directions when the truss is distorted owing to the application 
of loads. There are several methods of making approximate 
analyses of the secondary stresses due to this cause. What is 
probably the most comprehensive presentation of these is to 
be found in a paper by Cecil Vivian von Abo published in the 
Transactions of A.S.C.E,^ vol. 89, 1926. Of these methods, it 
is intended to present two and to add thereto the method of 
“moment distribution" suggested by Professor Hardy Cross. 
Each of the first two methods to be presented is based on writing 
a set of equations, each being the equation 2M = 0 for one of 
the joints and expressing the moments as functions of certain 
of the characteristics of the distortion of the truss; when these 
have been found by simultaneous solution of the equations, 
one may evaluate the moments in the ends of the members and, 
thereafter, the stress intensities. The two methods differ 
primarily in the distortion characteristics selected to serve as 
the primary variables: In the first, the variation of the Manderla 
method suggested by Winkler, each moment applied to the end 
of a member is expressed in terms of the angles r between the 
chord of the elastic curve of the member and the tangents to 
this curve at its ends; in the second, known in secondary-stress 
literature as the Mohr semigraphic method, one uses Eqs. (76) 
which are more commonly known as the slope-deflection equations. 

46. The Manderla Method, Winkler’s Variation. — When a 
truss distorts under load, the strains in the members are, in 



204 STATICALLY INDETERMINATE STRUCTURES [Chap. V 


general, not alike and the triangles having as vertices the joint 
centers have shapes after distortion which are not geometrically 
similar to their shapes before distortion. The angles of these 
triangles have been changed by small increments but the members 
of the truss, being prevented by the resistance of the gusset 
plates in a riveted truss, or by friction on the pins in a pin- 
connected truss, from changing their relative directions must 
bend to accommodate themselves to the new relative positions 
of the joint centers. Consider, for example, a joint n, as shown 
in Fig. 108, and the members na, nb, nc, and nd connected 



thereto. Suppose that the original positions of these joints are 
indicated by n, a, 6, c, and d, while the relative positions after 
distortion of the truss are n, a', 6', c', and d'. Since the joint is 
in equilibrium, = 0; therefore, if there are no eccentricities 
in the application of the total axial stresses and Mna, MrAy Mnc, 
and Mnd are moments about the gravity axes at the ends of the 
members. 


Mna + Mnb + M nc + Mnd = 0 

If there are eccentricities in the application of the axial stresses 
to the joint center, this equation may be written as 


Mna + Mnb + Afnc + Mnd + Me = 0 

where Me is the algebraic sum of the products of the axial stresses 
and their eccentricities measured from the joint center. Using 
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Eq. (74) and introducing the notation K = //L, 

Mna 2EKna{2Tna + Tan) 
Mnb = 2EKnb(2Tnb + Tfcn) 
Mnc = 2EKnc(2Tne + Ten) 

Mnd 2EKnd(2Tnd + Tdn) 


Before writing the equation SAf = 0 in terms of the angles t, 
it is advisable to express each angle t in terms of a particular r 
and the changes in the angles at the joint. This particular 
r is called the reference r for the joint, and the one selected will 
be that for the first member encountered in moving clockwise 
around the joint through the internal triangles. For joint n 
it is Tna., From Fig. 108, 

Tn6 + = Tna + 

Therefore, 

Tnb ~ Toa ~f“ dot I 

Similarly, 

Tnc + aj + «1 = Tna + ai + dtti + 0(2 + da2 


or 

and 


Tne = Tna + dai 4 da^ 

Tnd = Tna + dai + da^ 4 * daz 


For convenience the reference r at joint n will be called Xn. 
The relations above may be summarized in the statement that 
the angle t at the end of any member connected to joint n is 
equal to Tn plus the sum of the changes in the angles between 
the reference bar at joint n and the bar under consideration. 
Thus the equation 2Af = 0 for joint n becomes 


( on \ / nb 

2r„ + + 2 da j + 2EkJ 2r„ + 2^ da + 


Th 


bn \ 


/ nc cn \ 

+ 2EKnI 2rn 4 “ 2]^ da 4" Tc + dof j 

/ nd dn \ 

+ 2EkJI^„ + 2'^da+r,+ '^da\ + M,=0 

nc 

where the summation 2) means the sum of the changes in the 
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angles a at joint n from the reference member around to member 
nc. Since Eqs. (74) have been used in this development, the 
conventions used in those equations are applicable here also, 
i.e.y the angle r is positive when the tangent to the elastic curve 
has rotated contraclockwise from the chord of the elastic curve; 
a moment applied to the end of a member is positive when it is 
counterclockwise or, conversely, a moment applied to a joint is 
positive when it is clockwise (see Fig. 108a). 



If the terms in the last equation are collected and both sides 
of the equation are divided by two, it becomes 

! nm ^ an 

da\+K,„ Era + da 

n J a 

bn cn 

+ Knb Ert + Knb^E da + Knc Etc + Knc^E da 


+ = 0 (80) 


Since the changes da in the angles of the triangles outlined 
by the members may be computed as in Art. 22 (Eqs. 53) and 
since it is possible to write an equation of the form of (80) for 
each joint of the truss, there are, as unknowns, only the reference 
angles Xn, one for each joint, and there are available just as 
many equations as there are unknowns. It is possible, therefore. 
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to determine all the angles xn and, from them, all the angles t 
such as Tna, Tni,, . . . Thereafter, using Eqs. (74), the moment 
at each end of each member may be computed and, from these, 
the stress intensities. Since 


nm Y ~Y i T mn) 

nm -• nm ^nm 

= 2p^(2ET,^ + Et„,) (81) 

it is unnecessary to perform the intermediate step of computing 
the end moments. 

The procedure may be illustrated by applying it to a simple 
truss such as is shown in Fig. 109. After the characteristics 
of the members of the truss have been found the first step is to 
compute the changes E da in the angles of the triangles of the 
truss for the condition of distortion under consideration. The 
procedure is the same as that used in Art. 22 as one of the steps 
in computing elastic loads. Following this. Table III is begun, 
the first five columns serving as a basis for the formulation of 
Eqs. (80) for the particular problem in hand. If there is eccen- 
tricity in the connection of any of the members, the moments Me 
should be computed next and, following this, Eqs. (80) are set up 
and solved. The last step is to complete Table III. 

In any truss the problem which is of interest is to determine 
the maximum stress intensity which can possibly occur in any 
given part of the structure. If the truss is subjected to moving 
loads, it would seem logical to compute the secondary stresses 
due to the dead load, to draw influence lines for secondary 
stresses in various parts of the structure, and to use these to 
determine the maximum magnitudes of the secondary stresses 
due to live load and impact. It is not generally true, however, 
that the position of live load which will cause the maximum 
secondary stress at any point is the same as that which will 
cause the maximum primary stress at that same point; con- 
sequently, since the live-load primary stress is almost always 
much greater than the maximum secondary stress, it is more 
likely that the worst combination of primary and secondary 
stresses will occur when the live load is placed so as to cause the 
maximum primary stress. A comparison between the ratios 
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between secondary-stress intensities and primary-stress intensities 
computed, first, for dead load, live load, and impact, with the 
live load placed so as to cause maximum primary stress, and, 
second, for load distributed uniformly over the whole of the 
floor system, is shown in the following table. 


Position 
in truss 

PAtio (%) between secondary- and 
primary -stress intensity 

D.L. -h L.L. 4- I, 
L.L. in position 
for maximum 
primary stress 

Load distributed 
uniformly over 
whole floor system 

1-2 (top) 

4.4 

6 2 

2-1 (bottom) 

1 4 

2 4 

2-4 (bottom) 

1 7 

2 7 

4-2 (top) 

9 5 

10 5 

4-6 (top) 

10.2 

9.7 

6-4 (top) 

9.0 

8 0 

3-1 

29.0 

25.6 

1-3 

23.4 

22 2 

3-5 

27.2 

23 5 

5-3 

11.8 

5.8 

5-7 

9.8 

7.7 

7-5 

32.3 

28.9 

2-5 

6.2 

7.1 

5-2 

2.7 1 

1.7 

5-6 

17.1 

23.1 

6-5 

2.9 

5.1 

2-3 

16.4 

22 9 

3-2 

21.1 

25.0 

4-5 

545.0 

0 

5-4 

636.0 

0 

6-7 

5.4 

0 

7-6 

5.2 

0 


Since the designer of today is not usually interested in obtaining 
precise values for the secondary-stress intensities but desires 
approximate magnitudes only and since the theory suggested 
above is approximate in that it assumes that all members are 
prismatic from joint center to joint center and that the joints 
are reduced to surfaces of contact, the discrepancies between 
the two sets of values in the table above are of minor importance 
and the investigator may be satisfied with an analysis such as 
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Table I 


Mem- 

ber 

Length, 

in. 

Area, 
sq. in. 

I, in.* 

e, in. 

K 

e 

L 

Arrangement 

1-3 

3-6 

320.0 

36.62 

2080.2 

10.76 

6.624 

0.0336 

4 It 3rx 3ii'x r 

2 webe 21'' X A" 

L J 

1 ^ 

r-9i 

L_± 

6-7 

320.0 

63.17 

3210.0 

10.75 

10.060 

0.0336 

4 It 3i" X 3i" X t" 

4 webs 21" X A" 

L J 

|1 f 

LJl 

2-3, 4-5 
5-7 

348 0 

19 32 

119 4 

6.188 

0 3431 

0 01777 

4 It 6" X 4" X t" 

1 web 13" X 1" 

r- . s" 1 

k --/-//— >1 

2-5 

472 88 

33 72 

236 8 

6 313 

0 498 

0 01336 

4 It 6"X 4"X W' 

1 web 13" X t" X I 

Same ae 2-3 

1-2 

472.88 

60 92 

3612 2 

8 275 
12 85 

7 541 

0 0176 

0 02718 

1 oov. pi. 24" X 1" 

4 It 3i"X 3i"X 1" 

2 webe 20" X 1" X * 

“l.caj 

r“ ^ /" 

Li loi 

T' A 5 /w 

L'J' 

2-4 

4-5 

320 0 

66.92 

3409.3 

8 310 
12 746 

10 552 

0 02596 
0 03982 

1 oov. pi. 24" X A" 
411 3i"X 3rX f" 

2 webe 20" X W' 

Same as 1-2 except diet, to 
o.g. - 2.406" 

5-6 

472 88 

29.28 

802.8 

7.6 

1 698 

1 

0 01586 

2 E 16" @ 60f 

1 — 

> 
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that which led to the results in the second column. The illus- 
trative problem will be carried out on this basis. Since it is 
the intention to compute ratios between secondary- and primary- 
stress intensities, it is not important that the loads to which 
the truss is assumed to be subjected should have any particular 
magnitude and a panel load of 1,000 lb. will be used. The 
layout of the truss and the characteristics of its members are 



given in Fig. 109 and Table I. The stress analysis is carried 
out in Fig. 110 and the changes in the angles are computed in 
Table II. 


Table 1 1, — Changes in Angles 


Angle 

Coeff. of cot a 

26.67 

25T 

1 

Coeff. of cot 0 

29 

1st term 

2d term 

E da 

2- 1-3 

3- 2-1 
1-3-2 

+62.76-1-65.76- +118.51 
-55.76-62.76- -118.51 

+51.76 + 55.75- +107 51 

-55.75-51.76- - 107.51 

+ 108.97 
-108.97 

+ 116.92 

-116.92 

+ 116.92 
+ 108.97 
-225.89 

5-2-3 

2- 3-6 

3- 5-2 

+ 62.76-60.43- + 2.33 

+60.43-62.76-- 2.33 

+ 60.43-51.78- + 8.65 

+ 51.78-60.43-- 8.65 

+ 2.14 

- 2.14 

+ 9.41 

- 9.41 

+ 2.14 

+ 7.27 

- 9.41 

4- 2-6 

5- 4-2 
2-5-4 

+ 60.43 +64.62- +125.05 
-64.62 - 60.43- -126.05 

0.0 -60.43- - 60.43 
+60.43 - 0.0 -+ 60.43 

+ 114.99 
-114.99 



6-4-5 

4- 5-6 

5- 6-4 

-23.20 + 64.62-+ 41.42 
-64.62 +23.20- - 41.42 

-23.20- 0.0 - - 23.20 

0.0 +23.20- + 23.20 

+ 38.09 
- 38.09 

- 26.23 

+ 26.23 

+ 12.86 
- 38.09 
+ 25.23 

6- 5-7 

7- 6-5 
5-7-6 

+65.50 + 23.20- + 88.70 
-23.20 - 65.50- - 88.70 

+51.76+23.20- + 74.96 

-23.20 - 61.76- - 74.96 

+ 81.56 
- 81.56 

+ 81.52 

- 81.52 

+ 81.52 
+ 81.56 
-163.08 
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The next step is to fill in the first five columns of Table III, 
which, together with the computations immediately following 
that table (see also Fig. Ill), are used to supply the information 



required in formulating Eqs. (80) as numerical equations. 
Since the structure and condition of loading are symmetrical 
about the vertical mid-axis, the truss in its distorted condition 
must be symmetrical about this axis also and, therefore, member 
6-7 must remain straight. Consequently, 

t7_6 = t 7 -f- d(5-7-6) = Oj Et7 — 163.08 = Oj 
£t7 = +163.08 

Similarly, 

Te— 7 = Te + <i(8-6-9) + ci(9-6-7) = Oj 
Eu + 25.23 + 81.56 = 0 
Et, = -106.89 

Under such circumstances it is necessary to carry out the solution 
for half the truss only. 

For joint 1: For joint 2: 

Me = -3396.2 X 0.35 +3396.2 X 0.35 = +1188.67 

= -1188.67 -3678.1 X 0.246 = - 904.80 



594.33 


Me = + 283.87 
= + 141.93 



212 STATICALLY INDETERMINATE STRUCTURES [Chah. V 


Tabi^ 111 


Bar 

K 

Eda 

XE da 

KXEda 

Er 

S(2Tnm + Tnm) 

1 

c 

/. 

f. 

1-2 

7 641 




- 58.14 

- 99.57 

- 760 8 

0 035 

- 3 48 

6.2 



+ 116.92 






0 05436 

+ 5 41 


1-3 

6.524 


+ 116.92 

+ 762.77 

+ 58.78 

+ 207.69 

+ 1355.1 

0.0672 

± 13 93 

22 2 


14 165 



+ 762 77 







2-4 

10.652 




- 28 68 

+ 22 23 

+ 236 8 

0 05192 

+ 1 15 




- 65.72 






0 07964 

- 1 77 

2 7 

2-5 

0.498 

+ 2.14 

- 65.72 

- 32.73 

- 94 40 

-161.18. 

- 80 3 

0 0267 

T 4 30 

7.1 

2-3 

0.343 

+ 108 97 

- 63 58 

- 21.81 

- 92 26 

-320 28 

- 109 9 

0 03554 

Til 39 

22 0 

2-1 

7.641 


+ 45 39 

+ 346 81 

+ 16 71 

- 24 72 

- 188 9 

0 05436 

- 1 34 

2 4 









0 035 

+ 0 86 



19.134 



+ 292 27 







3-1 

6 524 

-225.89 



+ 90.13 

+ 239 04 

+ 1559 8 

0 0672 

± 16 07 

25 6 

3-2 

0 343 

+ 7.27 

-225.89 

- 77 48 

-135 76 

-363 78 

- 124 8 

0.03554 

T12 91 

25.0 

3-5 

6 524 


-218 62 

- 1426 27 

- 128 49 

-219 95 

-- 1435 0 

0 0672 

T14 77 

23 5 


13 391 



-1503 75 







4-6 

10.652 




-113.98 

-121 18 

-1291 3 

0.05192 

- 6 29 

9.7 



+ 12 86 






0 07964 

+ 9.66 


4-5 

0.343 

+ 180 71 

+ 12 86 

+ 4 41 

-101 12 

-289 61 

- 99 4 

0 03554 

TlO 28 

— 

4-2 

10 652 


+ 193 57 

+ 2061 89 

+ 79 59 

+ 130 50 

+ 1390 3 

0 07964 

+ 10 40 










0 05192 

- 6.77 

10.5 


21 547 



+ 2066 30| 



i 




5-3 

6 524 

- 9.41 



- 37 03 

- 54 43 

355 2 

0 0672 

T 3 66 

5 8 

5-2 

0.498 

-114.99 

- 9 41 

- 4 60 

+ 27.62 

- 39 16 

19 5 

0.0267 

T 1.04 

1 7 

6-4 

0.343 

- 38.09 

- 124 40 

- 42.67 

- 87 37 

-275 86 

1- 94 7 

0 03554 

T 0 79 

— 

5-6 

1.698 

+ 81.52 

-162.49 

- 275 88 

- 125 46 

-169 36 

- 287 6 

0.03172 

T 5 38 

23 2 

5-7 

10.059 


- 80.97 

- 814 46 

- 43 94 

+ 75 20 

+ 756.3 

0 0672 

± 5 05 

7.8 


19.122 



-1137.70 







6-8 

10.652 

+ 25.23 



-106 79 


-1061 0 




6-9 

1.698 

+ 81.56 

+ 25 23 

+ 42.83 

- 81 56 


- 64 0 




6-7 

0.343 

+ 81.66 

+ 106.79 

+ 36 63 

0.0 

0.00 

0 0 

0.03554 

0.0 

0.0 

6-5 

1.698 

+ 26.23 

+ 188.35 

+ 319.81 

+ 81.56 

+ 37.66 

+ 64.0 

0.03172 

± 1.19 

6.1 

6-4 

10.652 


+213.68 

+2275.03 

+ 106.78 

+ 99.68 

+ 1061.0 

0 07964 

+ 7.94 










0.05192 

- 6.16 

8.0 


25.043 



+2674 30 







7-5 

10.059 

-163.08 



+ 163.08 

+ 282.22 

+ 2838.5 

0.0672 

±18.98 

28.9 

7-6 

0.343 

-163.08 

-163.08 

- 66.94 

0 0 

0 0 

0 0 

10.03554 

0.0 

0.0 

7-6 

10.069 


-326.16 

-3280 83 

-163.08 

-282 22 

-2838.5 

0 0672 

T18.98 

28.0 


20 461 



-3336.77 
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Formulation of Equations . — For joint 1 : 


K.\-m E da 


1 1 
2-1 

K\-.iEr% + Ki-t^^E da = 

2 

7.641£r, + 346.81 ® 


% 


= 28.330i;Ti + 1525.54 
® i36?&/ 







Fio. 111. 


3-1 

Ki-»Et» + da 

3 




6.524£;t, 

- 594.33 
+ 1278.02 


For joint 2: 

38.268£;t, + 584.54 
10.652.Br4 + 2061.89 
0.498 £;t6- 4.69 

0.343£t, - 77.48 

7.641£ti 

+ 141.93 


For joint 3: 

26.782Ft, - 3007.50 
6.524£ri+ 762.77 
0.343Ftj - 21.81 

6.524£;t4 


- 2266.54 


+ 2706.19 

Ert = -106.89; Eri = +163.08 

For joint 4 : 

43.294£t4 + 4132.60 

+ 1137.51 = 10.652£t, + 2275.03 
0.343Bt6 - 42.67 

10.652i5T, 


+ 5227.44 

For joint 5; 

38.244JET4 - 2275.40 
6.524ETt - 1426.27 
0.498JS;t2 - 32.73 

0.343jE:t4 + 4.41 

+ 138.48 = 1.698FTe + 319.81 
+ 1640.41 = 10.059i:rT 


- 1951.10 
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The equations are, therefore, 



Exi 

Et% 

Eri 

Exi 

Exi 

Num. X 10-2 

Check 

1 

28.330 

7.641 

6.524 



+ 12.780 

+ 55.275 

2 

7.641 

38.268 

0.3431 

10.652 

0.4981 

+27.062 

+ 84.464 

3 

6.524 

0.3431 

26.782 


6.524 

-22.665 

+ 17.508 

4 


10.652 


43.294 

0.3431 

+52.274 

+ 106.563 

5 


0.4981 

6.524 

0.3431 

38.244 

-19.511 

+ 26.098 


After the equations have been solved, the values for the reference 
r^s are entered in column 6 of Table III and from these the 
value of r for each end of each member is computed by adding 
to the reference t for the joint the sum of the changes in the 
angles between the reference bar and the bar in question. After 
all T^s have been computed, the quantities in column 7 are 
computed; this needs no explanation, the heading of the column 
being sufficient. Column 8, headed is not essential, but 
the values are useful in that they enable the computer to ascer- 
tain whether his computed results satisfy the equations 2M = 0. 
The individual numbers in this column are the products 

KE{2Tnm 4* Tmn)- 

Column 9 is a recapitulation of information found previously 
and entered here for convenience. The numbers in column 10 

are the products 2jE{2Tr,m + r^n), which, as demonstrated 

already, are values of secondary-stress intensities /„ and the 
last column explains itself. 

47. The Mohr Semigraphic Method. — This method of deter- 
mining the secondary stresses in a truss is based on the use of the 
slope-deflection equations. As in the Manderla method and as 
in other problems solved by the use of these equations, the pro- 
cedure to be followed consists of writing an equation 2Af = 0 
for each of the joints of the structure; in this method the moments 
are expressed in terms of the distortion characteristics $ and 
enough additional equations are set up to enable the computer to 
solve simultaneously for these primary variables and, after these 
have been computed, he determines the moments applied to the 
ends of the members. In a secondary-stress analysis the angle ^ 
for each member can be determined before the equations are set 
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Table IV. — Solution of Equations 
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up, thus reducing the number of unknowns to the one for 
each joint, and the only equations needed are the equations 
2M := 0. 

The angles ^ can be found by either of two procedures, each 
of which is favored by a number of computers. In one, the 
angles ^ are found by assuming a value of the angle ^ for one 
of the members and using the changes in the angles of the tri- 
angles of the truss to compute the corresponding angles ^ 
for the other members. Since the secondary-stress intensities 
are dependent on the distortion of the truss and not on its 
position in space, it is immaterial, except as a matter of con- 
venience, whether the assumed value for the angle ^ with which 
one starts is a correct value. The second method is based on 
the use of the Williot diagram. 

Referring again to Fig. 108a, the equation 2M = 0 may be 
written as 

Mna + Mnh + M nc + M nd + Me = 0 

in which 

Mna — 2EKna{26n + “ 3^no) 

Mnb 2EKnbi20n + ^6 

Mnc = 2EKnc{2en + ~ Unc) 

Mnd — 2EKnd(29n + “ 3\l/nd) 

In these equations, since the tangents at joint n to the n- 
ends of the members connected to joint n do not change their 
directions relative to each other, 

^na ^ ^nb ~ ^nc ~ ^rkd ~ 

with similar relations at the other joints of the truss. Con- 
sequently the equation XM == 0 may be rewritten, after dividing 
both sides by two, as 

2^Knm E6n + Kna ESa + Knb E 6b + Knc ESc + Knd ESd 

n 

- Einm] + = 0 (83) 

n 

It will be convenient in deciding the character of secondary-stress 
intensities if the conventions adopted here are similar to those 
used in the Manderla solution. These are just the reverse of 
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those used in the slope-deflection solutions previously illustrated 
and are: 

The moment applied to the end of a member is positive when 
counterclockwise; this is the same as saying that a clockwise 
moment on a joint is positive. 

Angles 6 and ^ are positive when counterclockwise. The 
adoption of these conventions leaves the equations unchanged 
in form. 

When the Eqs. (83) have been formulated and solved, the 
moments may be evaluated by using Eqs. (82) or one may proceed 
by using Eqs. (84) : 

/„» = + 0 „- 
J- nm -* nm ■Ljnm 

= 2^£(20„ + - 3^„„) (84) 

■l^nm 

without computing the end moments. 

To illustrate the procedure, the truss and loading of Figs. 109 
and 110 will be used and the angles ^ will be computed by using 
the changes in angle computed in Table II. Since both truss 
and loading are symmetrical there can be no rotation for either 
joint 6 or joint 7, nor can there be any rotation of the chord of 
the elastic curve of member 6-7. In slope-deflection notation 
these conditions are 

^8 = 0; ^7 = 0; ^6-7 = 0 (85) 

It is necessary to formulate and solve only the equations ZM = 0 
for joints 1, 2, 3, 4, and 5. If the truss were not symmetrical 
or were not loaded symmetrically, the conditions (85) would not 
be true, but it would still be possible to start with any assumed 
value for ^ 6 - 7 ; under such circumstances it is necessary to for- 
mulate and solve the equations for all the joints of the truss. 

For the problem in hand, since ^ 5-7 = 0 and the angle 5-7-6 
has decreased by 1/E X 163.08, the chord 7-5 must have rotated 
clockwise through this angular change, that is, E\l/^,6 = — 163.08. 

Similarly, since the change in the angle 6-5-7 = X 81.52, 

the chord 5-6 must have rotated through an angle X 81.52 
counterclockwise relative to member 5-7; therefore its angle 
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Table V 


Mem- 

ber 

K 

Eda 

E\^ 

Knm X 
Eyf/nm 

Ee 

|K(2di»+6i»» — 



A 


1-2 

7 641 

-1-116 92 

-345 75 

-2641.9 

-403.89 

- 99.57 

- 760.8 

0 035 
0.05436 

- 3.48 
+ 5.41 

6.2 

1-3 

6 524 


-462 67 

-3018.5 


+ 207 69 

+ 1354.9 

0 0672 

±13.93 

22.2 


14 165 



-5660 4 



1 




2-4 

10 652 

- 65 72 

-300 36 

-3199.4 


+ 22.23 

+ 236 8 

0 05192 
0 07964 

+ 1.15 
- 1 77 

2 7 

2-5 

0 4981 

-1- 2 14 

-234 64 

- 116 9 

-329.04 

-161.17 

- 80 3 

0 0267 

T 4.31 

7.1 

2-3 

0 3431 

1 

+ 108 97 

-236 78 

- 81 2 


-320 28 

- 109 9 

0 03554 

qpii 40 

22.0 

2-1 

7 641 


-345 75 

-2641.9 


- 24 72 

- 188 9 

0 05436 
0 035 

- 1 34 
+ 0.86 

2.4 


19 134 



-6039 4 







3-1 

6 524 

-225 89 

-462 67 

-3018 5 


+ 239.04 

+ 1559 5 

0 0672 

±16 08 

25.6 

3-2 

0 3431 

+ 7 27 

-236 78 

- 81 2 

-372 54 

-363.78 

- 124.8 

0.03554 

T12.92 

25 0 

3-5 

6 524 


-244 05 

-1592.2 


-219 94 

-1435 0 

0 0672 

77 

23.5 


13 391 



-4691 9 







4-6 

10 652 

+ 12 86 

- 106 79 

-1137 5 


-121.17 

-1290 7 

0.05192 
0 07964 

- 6 29 
+ 9 68 

9 7 

4-5 

0 3431 

+ 180 71 

-119 65 

- 41 0 

-220.77 

-289 60 

- 99 4 

0 03554 

TIO 29 

— 

4-2 

10 652 


-300 36 

-3199.4 


+ 130 .50 

+ 1390 2 

0 07964 
0 05192 

+ 10 41 
- 6 77 

10.5 


21 647 



-4377 9 







5-3 

6 524 

- 9 41 

-244 05 

-1592 2 


- 54 41 

- 355 1 

0 0672 

T 3 65 

5 8 

5-2 

0 4981 

-114 99 

-234 64 

- 116.9 


- 39 14 

- 19 5 

0 0267 

T 1 05 

1 7 

5-1 

0 3431 

- 38.09 

-119.65 

- 41 0 

-207.01 

-275 84 

- 94 6 

0 03554 

T 9.80 


5-6 

1 698 

+ 81 52 

-81.56 

- 138 5 


-169.34 

- 287 5 

0 03172 

T 5 37 

23.1 

5-7 

10 059 


-163 08 

-1640 4 


+ 75.22 

+ 756 8 

0 0672 

± 5 05 

7 7 


19 122 



-3529 0 







6-8 

10 652 

+ 25 23 

+ 106 79 

+ 1137 5 


- 99 60 

-1060 9 

0 05192 
0 07964 

- 5 17 
+ 7 95 

8 0 

6-9 

1 698 

+ 81 56 

+ 81 56 

+ 138.5 


- 37 67 

- 64 Oj 

0 03172 

q: 1.19 

5.1 

6-7 

0 3431 

+ 81 56 

0 0 

0 0 

0.0 

0.0 

0 0 

0 03554 

0 0 

0.0 

6-5 

1 69S 

+ 25 23 

- 81.56 

- 138 5 


+ 37.67 

+ 64 0 

0 03172 

± 1.19 

5 1 

6-4 

10 652 


-106 79 

- 1 137 5 


+ 99.60 

+ 1060 9 

0 07964 
0 05192 

+ 7 95 
- 5 17 

8.0 


25 043 




1 






7-5 

10,059 

-163 08 

-163 08 

-1640 4 


+282.23 

+ 2838 5 

0.0672 

;:18.96 

28.9 

7-6 

0 3431 

-163 08 

0 0 

0 0 

0.0 1 

1 

0 0 

0 0 

0.03554 

0.0 

0.0 

7-9 

10 059 


+ 163 08 

+ 1640 4 


-282 23 

-2838.5 

0 0672 

±18.96 

28.0 


20 461 













Art. 47) 


SECONDARY STRESSES IN TRUSSES 


219 


= ^(—163.08 + 81.52) = — g X 81.56. The extension of 

this procedure can be carried out conveniently as part of Table V, 
which will be used to compile the information needed in formulat- 
ing the equations and, after the equations have been solved, in 
computing the secondary-stress intensities 

In formulating the equations, the moments due to eccen- 
tricity of connection are taken from the previous article, 
at joint 1: 


2^fKimEdi Erpim) 

-\-Ki-tEdt 

+hM, 


At joint 2: 

+Z8.268Ed2 + 18118.8 
+ 1O.652£04 4- 141.9 

+ 0.498£;fl6 
+ 0.3‘^3Ee, 

+ i.mEdi 

+57.402 + 18260.7 

At joint 4 : 

43.294B04 + 13136.4 
O.ZiZEdi 
10.652£ej 

54.289 + 13136.4 


= +28.23O£0i + 16983.9 

= + l.MlEdi 
= + 6.624£e, 

= - 594.3 

+42.395 + 16389.6 

At joint 3: 

26.782E0, + 14079.9 
6.524£^, 

O.ZiZEdi 

8.524Edi 

40.173 + 14079.9 


At joint 5: 

38.24iEei + 10588.8 
6.524593 
0.498592 
0.343594 

45.609 + 10588.8 


S«i B», £«< Num. X 10-> Check 


1 28.330 7.841 6.524 +163.869 +206.364 

2 7.641 38.268 0.3431 10.652 0.4981 +182.601 +240.003 

3 6.524 0.3431 26 782 6.524 +140.757 +180.930 

4 10.652 43.294 0.3431 +131.337 +185.626 

5 0.4981 6.524 0.3431 38.244 +105.870 +151.479 
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Table VI 



E$x 

Eh 

E0t 

E$i 

E6% 

Num. X 10“* 

Check 

1 

28.330 

7.641 

6.524 



+ 163.869 

+206.364 

2 

7.641 

38.268 



0.4981 

+ 182.601 

+240.003 

3 

6.524 

0.3431 

26.782 


6.524 

+ 140.757 

+ 180.930 

1 X ^ -1' 

28.330 

7.641 

2.061 

1.7602 



1 

+ 44.198 

+ 55.659 

I X* ®**-1' 
‘ ^ 28.33 ^ 

6.524 

1 7602 

1.5032 



+ 37.737 

+ 47.523 

2 - r - 6 


36 207 

- 1.4171 

10.652 

0.4981 

+ 138.403 

+ 184 344 

3 - 1" - 7 


- 1.4171 

+25.279 


6.524 

+ 103.020 

+ 133.407 

4 




43 294 

0.3431 

+ 131.337 

+ 185.626 

5 


0.4981 

6.524 

0 3431 

38.244 

j +105.870 

+ 151.479 



-h 1.4171 

- 0.0554 

0.4160 

0.0195 

+ 5 417 

+ 7.214 



10.652 

- 0.4169 

3.134 

0.1465 

+ 40.717 

+ 54.233 



0.4081 

- 0 0195 

0.1465 

0.0069 

+ 1.904 

+ 2 536 




25 224 

0 4169 

6.5435 

+ 108.437 

+ 140.621 




0.4169 

40 160 

0.1966 

+ 90 620 

+ 131.393 




6.5435 

0.1966 

38.2371 

+ 103.966 

+ 148.943 




0.4169 

0.0069 

0.1081 

+ 1.792 

+ 2 324 




6.5435 

0 1081 

1.6978 

+ 28.129 

+ 36.478 





40.1531 

0 0885 

+ 88 828 

+ 129.069 





0.0885 

36.5393 

+ 75.837 

+ 112.466 





0.0885 

0 0002 

+ 0.196 

+ 0.285 






36.539 

+ 75.641 

+ 112.180 


28 330 

7.641 

6.524 



+ 163.869 

E9x - -4.0319 



-25.142 

-24 304 







36.207 

- 1 4171 

10.652 

0 4981 

+ 138.403 

-3.2904 




+ 5 279 

-23.515 

- 1.0312 






25.224 

0.4169 

6 5435 

+ 106.437 

EBt^ -3.7254 





- 0.9202 

-13.546 







40.153 

0.0885 

86.828 

Edi - -2.2077 






- 0.1832 




-2.0701 


48. Secondary Stresses by Distributing End Moments. — In 

computing secondary stresses in trusses, one is considering a 
truss essentially as a structure with moment-resisting joints. 
Consequently, any of the methods used for the analysis of such 
structures is applicable in the problem of secondary-stress 
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analysis. A truss so considered has so many redundants that a 
primary-stress analysis on such a basis is not practicable. This 
situation, however, does not introduce any real difficulty since the 
changes in the positions of the joints are dependent primarily on 
the changes in the lengths of the members. A fairly close approx- 
imation may be obtained by a method of successive steps, the first 
of which is the usual so-called primary-stress analysis ; the second, 
the secondary-stress analysis, uses the 
results of the first step. 

Since the primary-stress analysis 
enables one to compute the angles 
as was demonstrated in the previous 
article, the method of distributing end 
moments is applicable and can be started 
by computing the moments which would 
exist if the truss distorted so that the 
chords of the elastic curves of the mem- 
bers rotated through the angles ^ just 
mentioned, but that during this distor- 
tion the joints were not permitted to 
rotate. If one considers the slope-deflec- 
tion equation 

Mnm = 2EKnm{2en + dm ^ 3^nm) 

it is evident that the fixed-end moment 
in a member nm, as just described, is equal to —QEKnm^nm- 
It is evident also that the effect of the joint rotations can be com- 
puted just as in Art. 36. 

In illustrating the procedure by the analysis of the truss and 
loading of Figs. 109 and 110, the angles ^ could be used as com- 
puted in the previous article, but, for the sake of presenting an 
alternative method, they will be computed here by using the 
Williot diagram. When the truss is symmetrical and loaded 
symmetrically, as in this illustration, it will be sufficient to draw 
the diagram for half the truss only. It will be drawn assuming 
that joint 7 is fixed in position and member 6-7 fixed in direction 
(see Fig. 112). In this diagram a-5' represents the movement 
of joint 5 during rotation of member 5-7 about joint 7; therefore, 

^ 7.6 = 5^(a-5') and is clockwise. Using the same conventions 

L/7-6 


/'n 
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as in the previous article, this is negative. Similarly, 


^e-6 = 

e-5' 

^«-4 = 

h-\' 


_5'-4' 

U,’ 

L,.4’ 

^5-4 = 

Z/S.4 

II 

•9 

A 

d-3' 

L«’ 

^4-2 = 

c-2' 

lJ 

2-8 = 

La-j’ 


f-2' 


_h-l\ 

^8-1 =■ 

i-V 

— 

LU 

^2-1 = 


L,.i' 


The fixed-end moments are computed in Table VII. The 
moment distribution is carried out in Fig. 113. 


Table VII 


Bar 

L 


K 

— QEK\f/ 

6-7 

29.0 

0.0 

0.3431 

+ 0 

7-5 

26.67 

-163.08 

10.059 

+ 9,841 

6-5 

39.40 

- 81.56 

1.698 

+ 831 

6-4 

26.67 

-106.79 

10.652 

+ 6,825 

5-4 

29 0 

-119.65 

0 3431 

+ 246.4 

4-2 

26.67 

-300.36 

10.652 

+ 19,197 

5-2 

39.40 

-234.64 

0.4981 

-h 701 

5-3 

26.67 

-244.07 

6.524 

-h 9,552 

2-3 

29.0 

-236.77 

0.3431 

-h 487.5 

2-1 

39.40 

-345.76 

7.641 

+ 15,852 

3-1 

26.67 

-462.68 

6 524 

+ 18,155 


It is to be remembered that in making the moment distribution 
the moments due to eccentricity must be taken into account. 
The convention that moments applied to the ends of members 
are positive when counterclockwise implies that moments 
applied to joints are positive when clockwise. This means that 
moments due to eccentricity are to be taken as positive when 
they act in a clockwise direction on the joints. Starting with 
joint .1, the unbalance of moments is 

+ 15,852 + 18,115 - 1,189 = +32,778. 

This is distributed as shown and the carryover moments are 
written at the far ends of members 1-2 and 1-3. Taking joint 2 
next, the unbalance of moments is now 

+ 15,852 + 19,197 + 701 + 488 + 284 - 8,840 = +27,682. 

This is distributed and carried over. The moment distribution is 
continued, taking joints 3, 4, and 5 in the order stated. In 









224 STATICALLY INDETERMINATE STRUCTURES [Chap. V 


this problem, where truss and loading are symmetrical about 
member 6-7, if it is assumed that the same procedure is carried 
out taking joints 12, 10, 11, 8, and 9 in order, it will be found 
that joints 6 and 7 are balanced and no distribution is needed 
there. The procedure is repeated, joint by joint, until the 
remaining unbalance in the moment at each joint is small 
enough to be considered negligible. The total moments are 
found by summing the various terms written on the ends of the 
various members, and the secondary-stress intensities are com- 
puted by multiplying each moment by the proper value of c/I. 
This step is not carried out here since it is merely a repetition of 
what has been done in the previous articles. 

49. Effect of Weight Distribution. — In all truss analyses con- 
sidered so far, it has been assumed that the weights of the 
members were concentrated at the joints. In order to form an 
idea of the error involved in this assumption, an analysis of the 
truss shown in Fig. 109 will be carried out, using the moment- 
distribution procedure. This has been done already to the extent 
of determining the effect of the angles i/' and the joint rotations d 
and the only step which remains is to determine the effect of the 
load distribution. The moments stated in the previous problem 
are stated in inch-pounds and the same unit will be used here so 
that the moments developed may be compared easily with those 
due to other causes. In computing the fixed-end moments it is 
to be remembered that the weight per unit length w' is that com- 
ponent of the weight which is perpendicular to the axis of the 
member. The fixed-end moments are tabulated below. 


Bar 

L, ft. 

w, lb. per ft. 

w' 


IK 

, in.-lb. 

12 ' 

1-2 

39.40 

209.5 

141.8 

18,340 

220,100 

2-4, 4-6 

26.67 

195.7 

195.7 

11,597 

139,180 

1-3, 3-5 

26.67 

125.9 

125.9 

7,460 

89,520 

5-7 

26.67 

217.2 

217.2 

12,870 

154,450 

2-5 

39.40 

115.9 

78.4 

10,140 

121,700 

5-6 

39.40 

100.7 

68.2 

8,820 

105,820 

2-3, 4-5 J 
6-7 S 

29.0 

66.4 

0 0 

0 

0.0 


These moments are written at the ends of the members in the 
diagram of the truss shown in Fig. 114. In this step it must be 
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remembered that the conventions previously adopted stated that 
moments acting counterclockwise on the ends of members were 
positive. The moments are written in units of 1,000 in.-lb. 
Following this step, the moment-distribution process is carried 
through. This is shown in Fig. 114, also. 


Table VIII 


Member 

Weight distribution 

neglected 

Weight distribution 

considered 

1-2 

6.2 

5.3 

1-3 

22.2 

20.3 

2-4 

2.7 

7.6 

2-5 

7.1 

20.3 

2-3 

22.0 

20.9 

2-1 

2.4 

11 8 

3-1 

25.6 

20.4 

3-2 

25.0 

23.6 

3-5 

23.5 

18.5 

4-6 

9.7 

7.2 

4-2 

10.5 

1 8.0 

5-3 

5.8 

■ 

9 6 

5-2 

1.7 

29.3 

5-4 



5-6 

23.2 

2.9 

5-7 

7.8 

10.7 

6-7 

0.0 

0.0 

6-5 

5.1 

17.1 

6-4 

8.0 

5.3 

7-5 

28.9 

24.5 

7-6 

0.0 

0.0 


The effect of the weight distribution should be compared 
with the moments due to full loading of the truss. With this in 
view, consider a load of 198,000 lb. at each of the bottom-chord 
panel points. The secondary moments (in units of 1,000 in.-lb.) 
due to this loading may be found by multiplying the moments 
shown in Fig. 1 13 by 0. 198. The results are shown in parentheses 
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in Fig. 114. The moments due to the weight distribution are 
not negligible compared with those computed by taking into 
account only the changes in the lengths of the members and the 
eccentricities in the connections, but when the - econdary-stress 
intensities are expressed as percentages of the primary-stress 
intensities the variation between the results of the two analyses 
is proportionally much smaller than the difference between 
the two sets of moments. A comparison is shown in Table VIII. 

If it is desired to use the Manderla solution when the weight 
distribution is to be considered, the basic equations (74) must be 
modified to include the load terms 


-h(M.)oa - 2{M.U] 

JLj 2 

-^[2(M.)oa - (M.)o^l 

Jj2 


respectively. Since the load is uniformly distributed over the 
full length of the member, the Afo curve is a parabola with a 
middle ordinate equal to i4;'LV8, where w' is the component, 
normal to the axis of the member, of the weight per unit length 
and L is the length of the member. 


(M.)oa 


- w'L\L 

(Ai«)o6 ^ g 1-^2 


w'L* 

'24' 


and Eqs. (74) become 

= 2EKMro + r,) + 

= 2EKo,iT„ + 2r,) - ^ 
For this situation, Eq. (80) becomes 


Et. 22^»« + 22 




+ 2 


KninEj m 




E da 




where the terms in the last summation are to be taken as positive 
or negative according to whether the weight tends to rotate the 
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member in a clockwise or counterclockwise direction about 
joint n. If the slope-deflection equations are to be used and the 
effect of weight distribution is to be taken into account, Eq. (83) 
must be rewritten in the form 





(87) 


60. Participating Stresses. — In the previous articles it has 
been assumed that the condition of stress in the truss under 
consideration was not affected by any members connecting it to 
other elements of the structure of which it forms a part. More 
often than not, such an assumption is only approximately true. 
For example, the truss of Fig. 109 is one of the main trusses of a 
single-track railway bridge in which the top chords are connected 
by top lateral bracing as shown in Fig. 115, while the bottom 
chords are connected not only by the bottom lateral bracing but 
by the floor system also. Each of the lateral bracing systems, 
and the floor system as well, offers resistance to movement of 

2’ 4' 6* a' /o* 

— i- 

2 4 6 6 10 

Fio. 115. 

its joints. Consequently, when, under the action of vertical 
loads applied to the bridge, the top chords become shorter and 
the bottom chords extend, the movements of the joints are 
resisted by the lateral systems and the floor system, which, 
therefore, are subjected to axial stress and help to resist the 
distortion of the structure. Since they do so help, the stresses 
in the chord members are not as computed in the primary-stress 
analysis. Moreover, since the lengths of the members in the 
lateral systems change, there are changes in the angles of the 
triangles formed by these members with resultant bending of 
the members in the horizontal plane, so that, owing to the 
application of vertical loads to the structure, the bracing members 
are subjected to both axial and bending stresses, while the chord 
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members are subjected not only to bending in the vertical plane 
but to bending in the horizontal plane as well. 


Bar 

A 

L 

Ik 

Ck 

Kk 

1 

L 


Chord 

56.92 

320.0 

3570.2 

11.938 

11.160 

0.0373 

See Fig. 109 

2'-a, 4'-a 
-1- other 
diagonals 

9.92 

186.59 

30.63 

3.8751 

0.1642 

0.02076 

HTT 

/-a-d 

-JL .1 

4'-4 

6'-6 

9.92 

192.0 

30.63 

3.875 

0.1596 

0.02018 

Same as 2'-a ex- 
cept d — 2'-8" 

2-2' 

30.20 

192.0 

3045. 

15.51 

15.862 

jo. 08081 



If the final condition of stress is determined by first computing 
the primary stress and then computing secondary effects, a 
chord system with its lateral bracing may be treated like any 



m 

m 


0 

Primary structure 
-06574 

(a) 

m, 



m 

-08574 

Condition X,,,* 1 

(b) 




m 


Condition Xjj- 1 (c) 

Fio. 116. 


other indeterminate structure. The procedure will be illustrateci 
by an analysis of the top-chord system shown in Fig. 115. The 
primary structure is shown in Fig. 116a and conditions X® = 1 
and Xft == 1 are shown in Fig. 1166 and Fig. 116c, respectively. 
In condition X = 0 there are no stresses in the members of the 
bracing system and the stresses Fq in the chord members are 
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those found by the primary-stress analysis. The condition of 
loading is that shown in Fig. 117. The loads and stresses are 


f=-/2.80 f = -f2.30 

-7284 -726.4 



stated in units of 1,000 lb. Using the law of virtual work, 


Xa 3aa “1” Xb ^ab "I" Xe ^ae + Xd ^ad — ~ ^aO 

Xa 4" Xb ^bb + Xc ^bc + Xd ^bd =** ^60 

Xa 5ca 4- Xb 5c6 4" Xc ^cc 4“ Xd ^ed = ~ ^cQ 

Xa ^da 4“ Xb ^db 4” Xe ^dc 4" Xd ^dd = ~ ^dO 


The coeflScients of the unknowns are computed in Table IX. 


Table IX 


Bar 

L, 

ft. 

A, 

in. 

Fo 

F<, 

Fk 

F.FoL 

A 

FbFtJj 

A 

F^^L 

A 

FaFbL 

A 

Fb^L 

A 

2-4 

26 67 

66.92 

-728 4 


-0.8574 


4-292 6 



4-0 3444 

2'-4' 

26 67 

56.92 

-728.4 


-0.8574 


4-292.6 



4-0 3444 

4 -6 

26.67 

56.92 

-728 4 

-0 8574 


4-292.6 


4-0 3444 



4'-6' 

26 67 

66 92 

-728.4 

-0 8574 


4-292.6 


-hO 3444 



2 -2' 

16 0 

30 20 

0 


-0.5144 





4-0 1402 

4 -4' 

16 0 

9 92 

0 

-0 6144 

-0.5144 

1 


4-0.4269 

4-0 4269 

4-0 4269 

2 -4' 

31.10 

9 92 

0 


+ 1.0 

1 




+ 3 135 

2'-4 

31 10 

9 92 

0 


4-1.0 





-f3 135 

4 -6' 

31.10 

9.92 

0 

-hi 0 




4-3 135 



4'-6 

31.10 

9 92 

0 

+ 1 0 




4-3 135 



6-6' 

16.0 

9 92 

0 

-0.6144 




4-0 4269 









-{-685.2 

4-686 2 

4-7 8126 

-fO 4269 

4-7 6259 


Eddo = Edao = 4“ 585.2 j ESco = E8bo — 4“ 585.2 

Eded = Eddc ” Edab = E8ba = 4"0.4269 
E6ec ~ E8bb “ 4“7.5259 

ES^ = = ^2 ^ (-0.5144)* = +0.4269 

Edaa “ Ebdd ~ +7.8126 
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Xa 


Xc 

Xa 

Num. X 10"* 

7.8126 

0.4269 

0.4269 

0.4269 

7.5259 

7 . 5259 
0.4269 

0.4269 

0.4269 

7.8126 

4-5.852 

4-5.852 

+5.852 

+5.852 

0.4269 

0.0233 


0.0233 

+0.3198 


7 . 5026 
-0.0233 

0.4269 

-0.0233 
7 7893 

+5.532 

+5.532 


-+-0.0233 


-0.0001 

+0.017 



0.4269 

7.5259 

7 7892 
0 4269 

+5 . 549 

4-5.852 



0.4269 

0.0242 

+0.332 




7.7650 

4-5 217 Xi = -0.6719 

7.8126 

0.4269 

-0.3165 


0.4269 

-0.2867 

+5.852 

Xa = -0.6719 


7.5026 


-0.0233 

4-0.0157 

+5.532 

Xfc = -0.7394 



7.5259 

0.4269 

-0.2867 

+5.852 

Xc = -0.7396 


The stresses are as shown in Fig. 118. The stress intensities 
in the top-chord members are reduced by approximately 8 per 
cent, while the lateral bracing members are subjected to stress 


f = -//.66 f^-H78 

-665.0 -6708 



-665.0 -6706 

f— 11.68 f*- 11.78 


Fio. 118, 

intensities of approximately 7000 lb. per sq. in. In addition, 
the members are subjected to bending of the sort discussed in 
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Art. 49 such that the stress condition in the top-chord lateral 
system due to uniformly distributed vertical loading sufficient 
to utilize what is usually considered to be the capacity of the 
truss is as shown in Fig. 119. The stress intensities are stated 
in thousands of pounds per square inch. The primary stresses 
are written in brackets. The effect of the bending of the mem- 
bers is small, being in no place as great as 1,200 lb. per sq. in. 



Fig. 119. 


61. Participation Stresses Due to Floor Systems. — When a 
floor system is connected to its supporting truss at panel points, 
and the lengths of the truss members connecting those panel 
points change, the floor system resists these changes, and, 
consequently, there are participating stresses in the floor system 
and corresponding deviations in the axial stresses in the chord 
members from those computed in the primary analysis. As an 
illustration, consider the floor system for the bridge, one of whose 
trusses has been investigated in the previous articles. This 
floor system is as shown in Fig. 120. 



The problem involved is that of analysis of a structure which 
is statically indeterminate and is subjected to loads which in this 
case are the horizontal components of the stresses in the diagonals 
of the main trusses. If it is assumed that the joints cannot 
carry bending moment, the chord members of the trusses and the 
stringers are subjected to axial stresses only, while the floor 
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beams are subjected to bending moment. The primary struc- 
ture is as shown in Fig. 121. In condition X = 0 there are no 
stresses in the members of the floor system and the stresses in 
the chord members of the trusses are those found in the primary- 
stress analysis; these are taken as in Fig. 117. There are twelve 
redundant stresses but the structure and condition of stress are 


Member 

in. 

i4, aq. in. 

/, in.* 

Arrangement 

3-3', 5-5' 
7-7' 

192 

51.00 

162 . 67 

4 flange jl 6" X 6" X i" 
web 64" X I’a" 

ir 

JL 

1-1' 

192 

46.72 

38.26 

4 flange li 6" X 4" X 1" 
web 841" X 1" 

ab, be, cd 
a'b\ b'c', c'd* 

320 

53 00 

225.48 

4 flange 1* 6" X 6" X U" 
web 50" X i’ll" 

1-3, r-3' 
3-5, 3'-5' 

320 

36.62 


41. 31" X 31" X 1" 

2 webs, 21" X A" 

] [ 

5-7, 5 '-7' 

320 

63 17 


4 li 31" X 31" X 1" 

4 webs, 21" X A" 

] l[ 


symmetrical about axis 7-7' and an axis perpendicular to 7-7'. 
The equations which define the redundants are similar to Eqs. 

/' 5' 5' 7' 9' tr 12' 



b' *b' 

c' 

d' Xd'Xd' 

e' 

f ' ^a' g' 


^ 


-I3 , 




6'r f 6 

■■ ■ ■ 

b 


d Xd Xd 


f Tg Xg g 

1 


6 ^ 26 - 6 '- 


\12 


Fia. 121. 


(67). The setting up of these equations and their solution 
involves no unusual procedure. 

62. Correlation of Primary and Secondary Stresses. — The 

treatment of secondary-stress analysis as hitherto presented has 
been based on a method of successive approximations. The 
primary stresses were first computed. These were used as the 
basis for computation of the angles r, or of the angles d and yf/, 
dependent upon the method of attack utilized. With these 
angles computed, the corresponding bending moments were then 
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determined and were assumed to be the true values of the 
secondary moments. Actually, the presence of secondary 
bending moments shows that the direct stresses in the various 
bars, as computed in the primary-stress analysis, are only 
approximately correct. If these values are now corrected, and 
a new secondary-stress analysis is carried through, more exact 
values of the secondary bending moments will be obtained. 
This procedure can, of course, be repeated to produce any 
desired degree of accuracy. 

If the first cycle of this operation is to give results which are 
substantially correct, the following conditions must hold: The 
direct stresses as computed from the primary-stress analysis 



Fig. 122 . 


must be substantially correct, and the deflections of joints as 
computed from the primary structure must be equally precise. 

The method of successive approximations is used in secondary- 
stress analysis as an expedient, rather than from necessity. 
A truss the joints of which are capable of rovsisting bending can 
be analyzed as a rigid frame. As such, it is a statically indeter- 
minate structure. Although considerable labor may be involved, 
a direct solution, yielding exact values of direct stresses and 
bending moments, may be made. These results are equivalent 
to the combined values of the primary and secondary stresses. 
Either the law of virtual work or Castigliano\s theorem may be 
used as the basis for solution. Even though such an approach 
is too laborious for the solution of practical problems, it offers 
the opportunity to investigate the validity of the assumptions 
upon which is based the acceptance of the methods which 
depend upon successive approximations. 

For the purpose of making this investigation, the structure 
shown in Fig. 122a will be considered. The load shown is in 
units of 1,000 lb. The sections as given were designed for the 
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load shown, on the basis of the primary stresses. Castigliano^s 
theorem is used as a basis for analysis. The primary structure 
is shown in Fig. 1226, the bottom chord having been assumed 
cut at its center. Because of symmetry, no shear can exist at 
this point. 

For bar 1-2: 

F = +Xa 
M = +X, 

For bar 1-3: 

F = - 160 - ^ 
o 

M = +2OO0a:^ - - X, = -^120x - - X, 

Taking advantage of the symmetry of both the structure and its 
loading, 


,dW _ X„(180), , ,, (-160 - 0.6X„)(300)/ 3\ 

14.64 20.52 ' V 5/ 


+ 



(+120x 


- O.SXaX - Xi) 

357.6 



which reduces to 


+ 16,124.940X„ + 100.67115X6 = 2,414,703.9 (a) 


^dX, Jo 287.0^^""^ Jo 


(+120x - 0.8X.X - Xi) 
357.6 


(-l)(ir = 0 


which reduces to 


+ 1.46611X6 + 100.67115X„ = +15.100.671 (6) 

The solution of Eqs. (a) and (6) leads to 

X„ = +149.56179 kips; X6 = +30.0895 in. kips 
Fi.j = Xa — +149.56179 (primary stress = +150.0) 

Fi.i = -160 - ?(+ 149.56179) = -249.73707 
0 

(Primary stress = —250.0) 

The foregoing comparison shows that for the structure con- 
sidered the direct stresses as computed from the primary-stress 
analysis are essentially correct. The deflections of joints in a 
truss are dependent upon the change of length of chords connect- 
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ing the joints. The effect of stresses upon these changes of 
length is twofold: The neutral axis changes its length by an 
amount directly proportional to the total direct stress in the 
member, while, owing to bending, the neutral axis becomes, in 
general, curved. The true length of the chord connecting two 
joints is therefore always equal to or less than the length of the 
neutral axis connecting the same joints. The effect of this 
difference in length between the length of the chord and the 
neutral axis may be shown to be negligible in comparison with 
the effect of stress in changing the length of the neutral axis. 
It may therefore be concluded that deflections computed on the 
basis of primary stresses will be essentially correct. In order to 
illustrate this point, the vertical deflection of 
joint 3 of the truss shown in Fig. 122a will be 
computed, first by an exact consideration of 
the truss acting as a rigid frame and then, 
for the sake of comparison on the basis of 
^ the primary stresses. The following deflec- 
tions of the primary structure due to unit 
loads are first computed: 

Let 5s-8 equal the vertical downward deflection of joint 3 
due to the unit load acting as shown in Fig. 123. The method 
of virtual work will be used. 



Fio, 123. 




= 2 


-0.4(300) 
20.52 
= +4534.8798 


/ 4\ r®®®(0.3i)(0.3z)dx 

\ 10/ Jo 357.6 




Let 3a-i equal the relative inward horizontal movements of 
the cut ends of the bottom chord due to the unit load acting 
as shown in Fig. 123. 




_ J (-0.4) (300)/ 3\ r®®®(+0.3x)(-0.8i)dx 

[ 20.52 \ 5/ Jo 357.6 

= -12073.6194 


Let Bh-i equal the relative rotation (in the direction of the 
redundants Xh) of tangents to the elastic curves of the cut ends 
of the bottom chord, due to the unit load acting as shown in 
Fig. 123. 

9 f300« 
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The true vertical deflection of point 3 due to the load shown 
in Fig. 122a may now be computed as follows: 

Edt = +400(£68.8) + 149.56l79(.E58.a) + 30.0895(Ed,^) 

= +A00{Eds,z) + 149.56179(£5a.*) + 30.0895(BV3) 

= +400(+4534.8798) + 149.56179(- 12073.5194) 

+30.0895(- 75.50336) 

= +5942.95 

If E6i be computed by the method of virtual work, taking 
the stresses as those resulting from the primary-stress analysis, 
the relation is 


E6i = 


(250) (300) /5\ 
20.52 \8/ 
5951.91 


(150)(360)/3\ 
14.64 \8/ 


The discrepancy between this value and the value 
E6z - +5942.95 

as obtained from a consideration of both primary and secondary 
stresses is small. The results of the investigation of this structure 
substantiate therefore the acceptability of the methods of 
secondary-stress analysis hitherto given. 

In computing deflections in a statically indeterminate struc- 
ture, the actual strains in the members of the structure must first 
be determined. This procedure involves a stress analysis of the 
indeterminate structure. Once this step has been carried out, the 
computation for the deflection of a point may be carried out by a 
consideration of any portion of the actual structure which in 
itself is stable, and which includes the point, the deflection of 
which is to be determined. The entire structure constitutes one 
such system, and has been used in the exact computation of Edz 
in the foregoing discussion. 

In general, a more direct solution may be obtained by applying 
the law of virtual work to the primary structure. The Q system 
to be used consists of a unit load applied at the point whose 
deflection is desired and in the direction of the displacement 
component to be found. The stresses due to the Q system are 
thus those in a statically determinate structure. The condition 
of distortion is that defined by the stresses found in the analysis 
of the indeterminate structure. The procedure is valid because 
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the stress analysis is based on the condition that the distortion 
of the primary structure must be the same as that of the original 
structure. To illustrate the advantages of this approach, the 
computation of E8z follows, based upon the primary structure 
shown in Fig. 123. Owing to the unit load acting as shown, the 
direct stress and bending in member 1-2 are zero so that members 
1-3 and 2-3 only need be considered. Taking advantage of 
symmetry in the solution, for member 1-3, 

F = -249.73707 

M = +1201 - ^(+149.56179)z - 30.0896 
0 

= +0.350571 - 30.0895 
F, = -0.4 
M, = +0.3x 

^ J (-0.4) (-249.73707) (300) 

|_ 20.52 

p°'’(+0.3x)(+0.35057a: - 30.0895)da:] 
■^Jo '357.6 J 

= 5942.89 

The small discrepancy between this value and that previously 
obtained (ESt = +5942.95) is due entirely to lack of arithmetic 
precision. 



PROBLEMS FOR SOLUTION 

Chapter 1 

iR 



I U-b^bJ I 

U Q Q >] 

Fig. I-l. 


1. What is the relation between a, 6, c, and d, for which this structure 
becomes geometrically unstable? 




Chapter n 

I 9»aOOOIb. 
fl2'^IZL6lb. 
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U- - 6 ' - ->[< /2' 

Fio. II-l. 


1. The beam shown is distorted due to the load and to a change of tem- 
perature which is the same for all cross sections of the span, but varies 
linearly from an increase of 60°F. at the top to an increase of 10°F. at the 
bottom. Compute, for each cause, by the method of virtual work: 

а. The vertical deflection at mid-span. 

б. The change of slope at the left end. 

c. The error occurring owing to neglecting the shear distortion. 


@(S2)@(40)(i) ® 






"7 

\ T 

)/l 



z_ 






6§) 24' 
Fio. II-2. 


2. The truss shown is symmetrical about its vertical mid-axis. Numbers 
in parentheses are cross-sectional areas in square inches. By the method of 
virtual work, compute: 

a. The vertical deflection of joint (7) due to a vertical load of 72,000 lb. at 
each of the panel points of the bottom chord. 

239 
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h. For the loading stated in part (a), the relative displacement of joints 
(3) and (6) along the line joining them. 

c. For the loading stated in part (a), the rotation of the line joining joints 
(2) and (7). 

d. The vertical deflection of joint (5) due to the following changes of 
temperature : 


Top chords and end posts == -i-50°F. 

Web members At — 4-20°F. 

Bottom chords At = -1-10°F. 


e. Solve part (a) with the further data that the hinge support of the truss 
settles 1 in., while the roller support of the truss settles i in. 


Th/s bar cannot 
carry stress ' 



The Joints of the bottom 
chofa He on a parabola 

d(§>30^240*'- -—4 


Fio. 1 1-3. 


3 . Compute the vertical deflection of joint (a) due to an increase of 60°F 
in the temperature of this arch. This change is the same for all parts of the 
structure. Use the law of virtual work. 

4 . Compute the vertical deflection at mid-span of the beam shown in 
Fig. II-l due to the load only, by using Castigliano^s theorem. 

6. Compute the vertical deflection of joint (7) of the truss described in 
Prob. 2a, Chap. II, by using Castigliano’s theorem. 

6. Draw the Williot-Mohr diagram for the truss of Prob. 2a, Chap. II, 
under the loading described there, and find the vertical and horizontal 
components of the deflections of all the joints. 

7 . Find the vertical components of the deflections of the joints of the 
three-hinged arch shown in Fig. 1 1-3 due to the temperature change described 
in Prob. 3, Chap. II. Use the Williot-Mohr procedure. 

8. Find the vertical components of the deflections of the panel p>oints of 
the bottom chord of the truss of Prob. 2a, Chap. II, due to the loads described 
there. Use the elastic-load method. 

9 . Using elastic loads, find the vertical components of the deflections of 
the panel points of the top chord of the arch shown in Fig. II-3. The 
distortion is due to the temperature change stated in that problem. 




dClOOOIb. I5,000lb. 

I ^'l5"l4Z9lb. i 

SI 


U — 6 ' 8 * 


10 . Compute the ordinates, at 2-ft. intervals, to the elastic curve of this 
beam, using the methods of Art. 24: 
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a. Corresponding to moment distortion only. 

b. Corresponding to moment and shear distortion. 

c. Due to a change in temperature varying from -|-40®F. at the top to 
-|“6®F. at the bottom, and the same for all cross sections of the span. 


2Pls.l6’f.i\ 






56XB. 240 lb. 


k 30 A 

40 ' 




Fig. IMl. 


11 . This girder carries a uniformly distributed load of 5,000 lb. per lin. ft. 
extending over the whole span. Compute the ordinates to the elastic curve 
at intervals of 5 ft. Neglect shear distortion. Use the methods of Art. 24. 

12 . Solve Prob. 10, Chap. II, by the conjugate-beam method. 


Chapter III 

20 20 20 20 20 



1 . This arch is symmetrical about a vertical mid-axis. The numbers in 
parentheses are the cross-sectional areas in square inches. The loads are in 
units of 1,000 lb. Compute the stresses in the members by the method of 
virtual work: 

а. Assuming no yielding of supports. 

б. Assuming that the right-hand support moves i in. to the right but has 
no vertical movement. 



2 . This truss is symmetrical about the vertical mid-axis. The numbers 
in parentheses are cross-sectional areas in square inches. Compute the 
stresses in the members of the truss by the method of virtual work. 
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/oqooo/b. * 


lU- 


looqjn* 

25fri‘ 


V 4 I*500m'*J 
i ^A~/5/nn 
i. ^ 

Fixed 

Fia. III-3. 


8 . Draw the curves of bending moment and shear for the members of this 
bent. Use the law of virtual work as a basis for analysis. 

4 . Draw the curves of bending moment and shear for the bent of Prob. 3, 
Chap. Ill, due to a temperature increase of 40''F. The bent is built of steel. 
Use the method of virtual work. 

6. Compute the stresses in the arch of Prob. 1, Chap. Ill, due to a tem- 
perature increase of 50®F. uniform over the whole structure. Use the 
method of virtual work. 


5Q000/6. 

yxecf I i 000 Hx per Un. ft 

V pwiyrrimniTT 


L— 6' 


-/o' 


Fio. III-6. 


6. Draw the curve of bending moments for this beam, using the virtual- 
work procedure throughout. 

7. Draw the curve of bending moments for the beam of Prob. 6, Chap. 
Ill, using the virtual-work procedure, but computing deflections by using 
the moment-area theorems. 



8 . Draw the curve of bending moments for the beam A-B. Use the 
virtual-work procedure for the analysis. 

9. The temperature in the tie rod in Prob. 8, Chap. Ill, decreases by 30®F. 
while that in the beam does not change. Compute the stress in the tie rod 
and the maximum bending moment in the beam. Use the method of virtual 
work. 
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10 . Assuming that the gusset plate is stiff enough to transmit bending, 
and using the method of virtual work, draw : 

a. The curve of bending moments for the beam ABC due to the load 
shown. 


MOOO/b. 

I ^2-l2''S55.9lb Z 


m. 1 ^ 

5 H ffguss^'" 5 
pla-he 1 

1 

1 

,.'2-l2”S2Q7/^ > 

1 "'■'’"j 

1 ; 

1 — t 

k 

k- /o'-4 

Fio. III-IO. 


h. The curve of bending moments for the beam due to a temperature 
increase of 50°F. uniform over the whole structure. 

11. Solve Prob. la, Chap. Ill, by Castigliano’s theorem. 

12. Solve Prob. 2, Chap. Ill, by Castigliano’s theorem. 

13. Solve Prob. 3, Chap. Ill, by Castigliano^s theorem. 

14. Solve Prob. 8, Chap. Ill, by Castigliano's theorem. 

16. Solve Prob. 6, Chap. Ill, by the slope-deflection procedure. 

16. Solve Prob. 3, Chap. Ill, by the slope-deflection procedure. 

17. Solve Prob. 10, Chap. Ill, by the slope-deflection procedure. 

18. Solve Prob. 6, Chap. Ill, by the equation of three moments. 




’^F^sooa^ 
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^0 


— 

Fio. III-19. 


19. Find the end moments for the members of this structure by using the 
slope-deflection procedure. 

10,0001b, 




Fia. III-20. 


20 . Draw the curve of bending moments for this beam. Use the equation 
of three moments. 

21 . Solve Prob. 20 Chap. Ill, using the slope-deflection procedure. 

22 . Solve Prob. 3, Chap. Ill, by the method of moment distribution. 

28 . Solve Prob. 10, Chap. Ill, by the method of moment distribution. 



244 STATICALLY INDETERMINATE STRUCTURES 


24. Solve Prob. 19, Chap. Ill, by the method of moment distribution. 

26. Solve Prob. 6, Chap. Ill, by the method of moment distribution. 

Chapter IV 

1 . Draw the influence line for the horizontal component of the right-hand 
reaction of the arch shown in Fig. III-l. Use the method of virtual work. 

2. Draw the influence line for the stress in the center vertical in the truss 
of Fig. III-2. Use the method of virtual work. 

8. Draw the influence line for the bending moment at the middle support 
of the beam in Prob. 6, Chap. III. Use the method of virtual work. 

4. Solve Prob. 1, Chap. IV, using elastic loads. 

6 . Solve Prob. 2, Chap. IV, using elastic loads. 

6. Solve Prob. 3, Chap. IV, using the de/dx curve as an elastic load. 


Chapter V 
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1 . Compute for each end of each bar of one-half of this truss the ratio of 
secondary to primary stress. Use the Winkler variation of the Manderla 
solution. 





Fig. V-2. 


2 . Compute the secondary-stress intensities at each end of each member 
of this truss. In the analysis include the effects of truss distortion and 
eccentricity. Use the Winkler variation of the Manderla solution. 






246 STATICALLY INDETERMINATE STRUCTURES 


.-••A® 




Lcng4h 

Area 

I 

— 

C 

K 

C 

L 

Arrangemen*!' 

m. per ft 

m 

161 

4.60 

5.40 

mtvi 

0033 54 

6.666709 

Q.QI5Q3 

2LS 3ix3'k|'' 

15.81b. 

m 

160 

6.84 

25.80 


0.1433 

r>TOlfc>i« 

2LS O'xSjVI” 

23.41b. 

Ea 

180 

11.50 

39.80 

i.6d 

4.32 

0.2211 

6.66933 

0.0240 

2LS6"x6'Vi'‘ 

39.2 lb 

03 

8Q5 

3.10 

1.82 

wast 

002261 

001031 

^Q2QJ5.. 


BEBBI 


Fio. V-3. 

3 . For each end of each of the members of this structure, compute the 
ratio, secondary-stress intensity to primary-stress intensity. Include the 
effects of distortion, eccentricity and weights of the members, but do not 
attempt to compute these effects separately. Use the Winkler variation of 
the Manderla solution. 

4 . Solve Prob. 1, Chap. V, by the Mohr semigraphic method. 

6. Solve Prob. 2, Chap. V, by the Mohr semigraphic method. 

6. Solve Prob. 3, Chap. V, by the Mohr semigraphic method. 

7 . Solve Prob. 1, Chap. V, by the method of moment distribution. 

8. Solve Prob. 2, Chap. V, by the method of moment distribution. 

8 . Solve Prob. 3, Chap. V, by the method of moment distribution. 

































INDEX 


A 

Assumptions, basic, 2 
B 

Bar-chain procedure, and deflections 
in trusses, 63 
Betties law, 39 

Building bent analysis by moment 
distribution, 159 

C 

Castigliano’s law, 37 

analysis of indeterminate struc- 
tures by, 121, 127 
deflections by, 48 
Changes in angles, 68 
Clapeyron’s law, 34 
Column analogy, 117 
Conjugate beam, 90 
Continuous beams, analysis of, by 
equation of three moments, 
139 

by moment distribution, 152 
by virtual work, 109 
effect of yielding supports on, 154 
fixed-point method and, 196 
influence lin^ for, 187 
Cross, Professor Hardy, 151 

D 

Deflections, of beams by clastic 
loads, 86 

computing of, by Castigliano's 
law, 48 

by virtual work, 40 
conjugate-beam method of, 90 
due to temperature change, 43 
of indeterminate truss by usf of 
primary structure, 237 
by moment-area theorems, 85 
relative, 47 

of three-hinged arch, 61 


Deflections, of three-hinged arch, 
by elastic loads, 76 
of trusses, bar-chain method, 63 
by Williot-Mohr procedure, 51 

E 

Elastic center, 114 

Elastic limit, 1 

Elastic loads, and bar-chain pro- 
cedure, 63 
for beams, 85 
for subdivided truss, 71 
for three-hinged arch, 76 

Elastic materials, 2 

Elasticity, 1 

F 

Fixed-point method, 196 

H 

Hooke's law, 1 

I 

Influence lines, for beams with 
fixed ends, 183 
for continuous beams, 187 
by elastic curve, 169 
for elastic deflections, 167 
for statically indeterminate trusses 
by successive positions of 
unit load, 163 

Instability, geometric, 12 
in structures, 9 

L 

Least work, theorem of, 122 

M 

Manderla equations, 131, 133 

Manderla- Winkler method for 

secondary-stress analysis, 203 

Maxwell's law, 39 

Mechanical analysis, basis of, 188, 
191 


247 



248 


STATICALLY INDETERMINATE STRUCTURES 


Members with restrained ends, 130 
analysis of, by slope-deflection 
equations, 136 
influence lines for, 183 
Mohr semi-graphic method for 
secondary stress analysis, 214 
Moment area, theorem, 82 
Moment distribution, 150 
analysis, of building bent by, 159 
of continuous beams by, 152 
of rigid frame by, 156 
secondary-stress analysis and, 220 

P 

Participating stresses, due to floor 
system, 232 

due to lateral bracing system, 228 
Planar stress, 24 
Primary structure, 15, 96 
statically indeterminate, 187 
use of, for computing deflection 
of indeterminate truss. 237 

R 

Relations, geometric, 4 
Rigid frame, analysis of, by Castigli- 
ano’s theorem, 127 
by moment distribution, 156 
by slope-deflection equation, 
142 

by virtual work, 111 
S 

Secondary stresses, definition of, 203 
direct solution of, as rigid frame, 
233 

effect of weight distribution on. 
224 

Manderla-Winkler method and, 
203 

Mohr semi-graphic method and, 
214 

by moment distribution, 220 
participating stresses and, 228 
Simultaneous equations, theory, 6 
Slope, change of, by moment area 
theorems, 85 
by virtual work, 44 
Slope-deflection equations, 135 


Slope-deflection equations, analysis 
of bents by, 142 

analysis of restrained beams by, 
135 

Stability in structures, 9 
Statically determinate structures, 
characteristics of, 9 
Statically indeterminate structures, 
general characteristics of, 14 
Strain, 23 
Strain energy, 35 
Stresses on a particle, 18 
Structural analysis, general problem 
of, 7 

Structures with moment-resisting 
joints, stress analysis of, by 
Castigliano’s law, 121, 127 
by moment distribution, 156 
by slope- deflection equation, 
142, 145 

by virtual work, 105 
T 

Temperature, deflections due to, 43 
effect of, on law of virtual work, 28 
on strain stresses due to, 94 
Three-hinged arch, deflection by 
Williot-Mohr procedure, 61 
elastic loads for, 76 
Three-moment equation, 139 

V 

Virtual work, alternate proof for 
trussed structures of, 30 
deflections computed by, 40, 45 
equations of, 23, 28 
law of, 18 
proof of, 17 

stress analysis of indeterminate 
structures by, 94 

W 

Williot-Mohr procedure, 61 
for three-hinged arch, 61 

Y 

Yielding supports, 100 

three-moment equation for beams 
with, 140 




DATE OF iSSl'E 

This book must be retvu»<1 
within 3, 7, 14 days of its issue. A 
finwef ONE ANNA per day will 
be charged if the beok is overdue. 



